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Abstract
We study “on-shell constructibility” of tree amplitudes from recursion relations in general
4-dimensional local field theories with any type of particles, both massless and massive. Our
analysis applies to renormalizable as well as non-renormalizable interactions, with or without
supersymmetry. We focus on recursion relations that arise from complex deformations of all
external momenta. Under certain conditions, these “all-line shift recursion relations” imply the
MHV vertex expansion. We derive a simple sufficient criterion for the validity of the all-line
shift recursion relations. It depends only on the mass dimensions of the coupling constants
and on the sum of helicities of the external particles. Our proof is strikingly simple since it
just relies on dimensional analysis and little-group transformation properties. In particular, the
results demonstrate that all tree amplitudes with n > 4 external states are constructible in any
power-counting renormalizable theory. Aspects of all-line shift constructibility are illustrated
in numerous examples, ranging from pure scalar theory and the massless Wess-Zumino model
to theories with higher-derivative interactions, gluon-Higgs fusion, and Z-boson scattering.
We propose a sharp physical interpretation of our constructibility criterion: the all-line shift
fails precisely for those classes of n-point amplitudes that can receive local contributions from
independent gauge-invariant n-field operators.
ar
X
iv
:1
01
0.
02
57
v1
  [
he
p-
th]
  1
 O
ct 
20
10
Contents
1 Introduction 2
2 All-line shift recursion relations 5
3 From all-line shifts to the MHV vertex expansion 8
4 Examples 10
4.1 The simplest theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2 The Wess-Zumino model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
4.3 Gluons → Higgs fusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.4 Fm and Rm operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.5 Ultra helicity violating 1-loop amplitudes . . . . . . . . . . . . . . . . . . . . . . . 17
5 Massive particles 18
5.1 Massive all-line shifts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
5.2 Spinor-helicity formalism for massive particles . . . . . . . . . . . . . . . . . . . . . 19
5.3 q-helicity little-group scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
5.4 All-line shifts in the massive spinor-helicity formalism . . . . . . . . . . . . . . . . 21
5.5 Large-z behavior under massive all-line shifts . . . . . . . . . . . . . . . . . . . . . 22
5.6 Examples: Yukawa theory with massive fermions . . . . . . . . . . . . . . . . . . . 24
5.7 Examples: Z-boson scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
6 When are tree amplitudes on-shell constructible? 27
6.1 General ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
6.2 Interpretation of all-line shift constructibility . . . . . . . . . . . . . . . . . . . . . 28
A Review: Deriving the MHV vertex expansion in N =4 SYM 31
B Spinor helicity formalism 32
B.1 q-helicity basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
B.2 Helicity basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
B.3 Changing basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
1
1 Introduction
Amplitudes are “on-shell constructible” when they can be expressed recursively in terms of lower-
point on-shell amplitudes. Many studies of on-shell constructibility have focused on particular
theories, such as massless gauge theories and gravity. In this work, we broaden the scope and
ask, quite generally, for which four-dimensional Lorentz-invariant local field theories are the tree
amplitudes on-shell constructible? In an early approach to this question, Benincasa and Cachazo
[1] (see also [2]) obtained a set of known constraints on interacting theories by requiring 4-point
tree amplitudes to be constructible by BCFW recursion [3, 4]. Here we take a different route
and show that the question of constructibility has a simple answer in the framework of all-line
shift recursion relations. We find that in order to determine whether a particular amplitude is
all-line shift constructible, one needs to know only the external particles of the amplitude and the
mass dimensions of the couplings that contribute to it. No gauge-dependent analysis of Feynman
diagrams or theory-specific properties such as symmetries, full particle content or details of the
interactions are needed to establish constructibility in this framework. Our condition for on-shell
constructibility has a natural interpretation in terms of the possibility of additional local contribu-
tions from gauge-invariant interactions. Such contributions, if present, contain information that
cannot be captured by the lower-point amplitudes that enter the recursion relation.
Let us briefly review the method of using complex momentum shifts [4] to derive on-shell
recursion relations for tree amplitudes. One applies a complex shift to two or more of the external
momenta pi → pi + z qi. The shift is arranged such that it preserves momentum conservation and
leaves all external momenta on-shell. The on-shell amplitude Aˆn(z) is then a rational function
of the complex parameter z, and at tree level it has only simple poles. If Aˆn(z) → 0 as z → ∞,
Cauchy’s theorem for the function Aˆn(z)/z expresses the unshifted amplitude An = Aˆn
∣∣
z=0
(the
residue at z = 0) as a sum of all the other residues. At each pole, an internal state goes on-shell
and factorization gives the residue in terms of lower-point on-shell amplitudes. Demonstrating
that Aˆn(z) → 0 as z → ∞ is at the heart of proving the validity of the corresponding recursion
relation.
In this paper, we work with all-line shift recursion relations, which arise from shifts that deform
every external momentum of an amplitude. An all-line shifts acts democratically on the external
lines; it deforms the momentum of each external state in the same way, independent of quantum
numbers and particle type. This property makes the all-line shift a universal tool that applies to
very general local field theories. Another important aspect of all-line shifts is that they can be
used [5] to derive and prove the validity of the “MHV vertex expansion” of CSW [6] in (super)
Yang-Mills theory, (S)YM. We discuss when the MHV vertex expansion results from all-line shifts
for general theories, but more broadly we study the all-line shift recursion relations in their own
right.
In a four-dimensional theory with only massless particles, the all-line shift can be implemented
as an anti-holomorphic shift of the form |i]→ |i] + z wi |X]. Here |X] is a reference spinor and the
wi’s are complex numbers chosen such that momentum conservation is satisfied. We show that
the worst-possible large-z behavior of an amplitude is governed by the simple formula:
Aˆn(z)→ zs as z →∞ , with 2s = 4− n− c+H (anti-holomorphic shift) . (1.1)
Here, n is the number of external states, c is the mass dimension of the product of couplings
2
in this amplitude,1 and H =
∑
i hi is the sum of helicities of the external states of An (all
outgoing). The proof is strikingly simple, relying only on dimensional analysis and the little-
group transformation properties of amplitudes. The result (1.1) applies to Lorentz-invariant local
theories with massless particles of any spin ≤ 2 and with couplings of any mass dimension; it is
valid for both renormalizable and non-renormalizable theories.
Armed with the result (1.1), one can easily determine whether all-line shift recursion relations
are valid for a given model. As an example, consider (S)YM theory: the coupling is dimensionless,
so c = 0. An NkMHV gluon amplitude has k + 2 negative helicity states and n − k − 2 positive
helicity states, and hence H = n − 2k − 4; this holds for any NkMHV amplitude of the theory.
Inserting these values for c and H into (1.1), we immediately find AˆN
kMHV
n (z) → z−k as z → ∞,
and therefore the anti-holomorphic all-line shift recursion relations are valid for all amplitudes
beyond the MHV level.
Suppose we consider instead a holomorphic all-line shift, |i〉 → |i〉+ z w˜i |X〉. It gives a large-z
behavior:
Aˆn(z)→ za as z →∞ , with 2a = 4− n− c−H (holomorphic shift) . (1.2)
This can be combined with (1.1) to give a+ s ≤ 4− n− c. In a (power-counting) renormalizable
theory, the amplitudes have c ≥ 0, so a+ s ≤ 4− n. Thus for n > 4, either a or s (or both) will
be negative, and this means that there exists a shift such that Aˆn(z)→ 0 for large z. Therefore,
in power-counting renormalizable theories, all amplitudes with n > 4 external states are on-shell
constructible using all-line shift recursion relations. This is a very general result derived by simple
means. Applying it to (S)YM theory, we note that NkMHV amplitudes can be computed with anti-
holomorphic shifts for k > 0 while the k = 0 MHV amplitudes can be computed with holomorphic
shifts for n > 4.
So far we have discussed theories with massless particles. To study massive particles, we
first need a proper generalization of the (anti-)holomorphic all-line shift. It turns out that this
generalization is essentially unique because there are strong constraints on obtaining a consistent
definition of all-line shifts with massive external particles. Secondly, we need to determine the
large-z behavior of amplitudes under such a massive all-line shift. Giving masses to particles should
not change the large-z behavior of amplitudes, because z → ∞ is a UV limit; as the momenta
are taken very large, the masses become irrelevant. This intuition is correct, but the practical
implementation requires a little more care. We use a massive spinor-helicity formalism,2 based
on the work of Dittmaier [7], in which the massive momenta are decomposed along a reference
null direction q. It allows us to assign a “q-helicity” h˜i to each particle. This is nothing but
a way to label the particles in terms of eigenstates of a q-dependent helicity operator. In the
massless limit, h˜i is just the ordinary frame-independent helicity hi. We prove that the large-z
behavior (1.1) holds for models with massive states with the sum of helicities H replaced by the
sum of q-helicities H˜ =
∑
i h˜i. The proof is a little more elaborate than in the massless case.
For example, one needs to account for the longitudinal polarizations of massive vectors; we use
the Goldstone boson equivalence theorem to treat these states.3 Also, there are amplitudes that
are non-vanishing in the massive case only, and they have to be studied separately. As in the
massless case, the large-z analysis shows that all amplitudes with n > 4 legs in power-counting
renormalizable theories are constructible using all-line shift recursion relations.
1If more than one product of couplings appears, c is the smallest mass dimension; see section 2.
2Appendix B summarizes our conventions for the massive spinor-helicity formalism.
3The equivalence theorem was previously used in the context of large-z behavior in [8].
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There is a natural interpretation of the sufficient condition for all-line shift constructibility,
4− n− c− |H| < 0. The point is the following: if a recursion relation is valid for an n-point am-
plitude, all information about this process is already encoded in the amplitudes with less than n
external legs. In particular, there can be no independent information provided by the n-point con-
tact term interactions in the theory. If such interactions are present in the Lagrangian, they must
be dependent interactions that are either completely determined from lower-point interactions by
gauge-invariance, or that can be absorbed into the lower-point interactions by a field redefinition.
A familiar example is the 4-point interaction in Yang-Mills theory: a gauge can always be chosen
to make its contribution to the on-shell 4-point gluon amplitude vanish. The 4-vertex is present to
ensure off-shell gauge invariance of the Yang-Mills Lagrangian, but it plays no role for the physical
4-point amplitude. Our examples indicate that if an interaction Y is required to preserve off-shell
gauge invariance in the presence of some lower-point interactions X, then only the input of X is
needed to construct the tree amplitudes.
An independent interaction, however, requires separate input. For example, the information
contained in the scalar interaction λφ4 cannot be obtained from lower-point on-shell amplitudes.
This is indeed the reason why constructibility only starts at 5-points in general renormalizable
theories. As we will explain, this analysis applies much more generally, for example in gauge
theory with interactions from higher-dimensional operators such as D2qFm. We cannot expect
the n-point gluon matrix elements of this operator to be on-shell constructible for n = m+1,
m+2, . . . ,m+q, because they could receive local contributions from gauge-invariant operators of
the form D2q−2Fm+1, D2q−4Fm+2, . . ., Fm+q, which all have the same coupling dimension. Indeed,
all-line shift constructibility for the gluon matrix elements of D2qFm fails for n ≤ m+ q. We use
this and other examples to give a sharp physical interpretation of the all-line shift constructibility
bound.
What about interactions related by symmetries, for example supersymmetry? We propose that
amplitudes with such dependent interactions are on-shell constructible only when the recursion
relations incorporate the relevant symmetry. All on-shell recursion relations build in gauge invari-
ance, but supersymmetry, for example, requires one to work with super-shifts of superamplitudes.
This is indeed done in super-BCFW [9, 10] and the supersymmetric version of (anti-)holomorphic
shifts [11]. We discuss the interpretation of the constructibility bound in more detail in section 6.
Let us compare and contrast our work with previous analyses. Complex shifts were first intro-
duced by Britto-Cachazo-Feng-Witten [4] as a method for deriving on-shell recursion relations in
Yang-Mills theory. Proofs of the validity of BCFW recursion relations have typically required de-
tailed analyses of the large-z behavior of individual theory-specific ‘dangerous’ Feynman diagrams
[12, 13, 14]. The light-cone gauge approach introduced by Arkani-Hamed and Kaplan [13] was
generalized by Cheung [14] to show BCFW-constructibility in a large class of 2-derivative gauge
and gravity theories without higher-point gauge-invariant operators such as φmF 2. The analysis
[14] applies to amplitudes with a gauge boson among the external states. Our methods here do
not require information about specific Feynman diagrams or gauge choices, but are manifestly
gauge-invariant. The condition for constructibility allows any type of local interactions, with any
number of derivatives, including for example φmF 2 and D2qFm. A physically relevant example of
such a higher-dimensional operator is the gluon-Higgs effective operator h trF 2.
The all-line shift is inspired by the anti-holomorphic Risager shift [15], which acts only on the
k+2 negative helicity gluon lines in NkMHV gluons amplitudes. It was shown in [15, 16] that
iterative use of the resulting recursion relations give the CSW expansion for gluon amplitudes.
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This expansion allows one to express any on-shell gluon NkMHV amplitude in terms of k+1
MHV gluon amplitudes, which are given by the compact Parke-Taylor formula for any number of
external legs. For this reason, the CSW expansion is also known as the MHV vertex expansion.
The MHV vertex expansion was extended to all tree amplitudes of N = 4 super Yang-Mills theory;
this was proven in [5] using all-line shift recursion relations, following earlier work [17, 18, 19, 20].
The result (1.1) for the large-z falloff in general theories gives, in particular, an alternative, much
simpler derivation of the validity of all-line shift recursion relations in N = 4 SYM.
The paper is organized as follows. We introduce the all-line shifts and study their large-z
behavior in section 2. In section 3 we discuss a sufficient set of criteria for the all-line shift
recursion relations to produce an MHV vertex expansion. Section 4 is dedicated to a variety of
examples that illustrate various properties of the massless all-line shift recursion relations. The
generalization to massive external states is given in section 5: it includes a proof of our general
result (1.1) for massive particles and some examples. Finally, in section 6 we give a physical
interpretation of why some amplitudes are not constructible via all-line shift recursion relations.
Appendix A outlines the derivation of the MHV vertex expansion from the all-line shift recursion
relations, and appendix B summarizes our conventions for the massive spinor-helicity formalism.
2 All-line shift recursion relations
In this section, we introduce the all-line shift and derive the explicit formula (1.1) for the large-z
behavior of amplitudes4 in any 4-dimensional Lorentz-invariant local field theory of massless par-
ticles. It is useful to first introduce three integers — c, s, and a — to characterize the amplitudes.
Coupling dimension (c):
Let ci be the mass dimensions of the couplings gi of the interactions in the theory. Each term T
in a given amplitude involves a certain product of couplings, gT = Πgi, with total mass dimension
cT =
∑
ci. For the sake of simplicity, let us assume in the following that all terms in a given
amplitude have the same coupling gT = g of mass dimension cT = c. We will generalize this
towards the end of the section.
Examples. The gluon self-interaction in Yang-Mills theory has a dimensionless coupling, so
any amplitude in this theory has c = 0. In perturbative Einstein gravity, all interactions
involve two derivatives and take the schematic form κn−2∂2hn. The coupling κ has mass
dimension −1, and one can show that any n-point amplitude has c = 2− n.
Table 1 lists values of c for amplitudes in various theories studied in the examples of section 4.
Angle and square brackets (a and s):
In spinor-helicity formalism, an on-shell tree amplitude with only massless particles is a rational
function of angle and square brackets. Collecting all contributions into a single term with a
common denominator, we write an n-point on-shell amplitude An schematically as
An = g
∑ 〈..〉an [ .. ]sn∑ 〈..〉ad [ .. ]sd . (2.1)
The numerator and denominator contain sums of products of angle and square brackets. As we
4Henceforth ‘amplitude’ means tree-level helicity amplitude unless otherwise stated.
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theory φ3 φ4 (S)YM (s)gravity φm, m > 4 zF 2 D2qFm Rm
c n−2 0 0 2−n −x(m− 4) −x −x(2m+2q−4) 2−n− 2x(m−1)
Table 1: Values of c for amplitudes in various models. n is the number of external states, and x denotes
the number of insertions of the given higher-dimensional operator.
shall see below, little-group transformation properties and dimensional analysis require that each
term in the numerator has the same number of angle brackets and the same number of square
brackets (and similarly for the denominator). Therefore it is meaningful to introduce a and s as
the difference between the number of angle/square brackets in the numerator and denominator:
a ≡ (# of 〈..〉’s in numerator)− (# of 〈..〉’s in denominator) ,
s ≡ (# of [ .. ]’s in numerator)− (# of [ .. ]’s in denominator) . (2.2)
The integers a and s are useful for characterizing the tree amplitude.
Examples. The Parke-Taylor MHV gluon amplitude
〈− −+ · · ·+〉 = 〈12〉
4
〈12〉〈23〉 · · · 〈n1〉 has
{
a = 4− n
s = 0
. (2.3)
The NMHV gluon amplitude 〈− − −+ ++〉 can be written as
〈− − −+ ++〉 = 〈1|2 + 3|4]
3
s234[23][34]〈56〉〈61〉〈5|3 + 4|2] +
〈3|4 + 5|6]3
s612[61][12]〈34〉〈45〉〈5|3 + 4|2] . (2.4)
Each element 〈i|j + k|l] = 〈ij〉[jl] + 〈ik〉[kl] or sijk = −〈ij〉[ij]− 〈ik〉[ik]− 〈jk〉[jk] contains
one power of angle brackets and one of square brackets. Thus both terms in (2.4) have
a = 3− 4 = −1 and s = 3− 4 = −1. In fact, it can be shown that
(super) Yang-Mills: a = 4− n+ k , s = −k (2.5)
for NkMHV amplitudes in pure (super) Yang-Mills theory.
Next, we explain how the couplings and the external states restrict a and s.
Dimensional analysis (a+ s):
The mass dimension of an n-point amplitude in four dimensions is 4−n. Angle and square brackets
have mass dimension 1, so with a coupling g of mass dimension c in (2.1) we must have
a+ s = 4− n− c . (2.6)
Examples. Amplitudes in Yang-Mills theory have c = 0, so (2.6) gives a+ s = 4− n. This
is consistent with (2.5). In gravity, c = 2 − n and hence graviton tree amplitudes have
a+ s = 2, independently of n.
Little-group scaling (a− s):
Amplitudes scale homogeneously under “little-group scalings”. Specifically, for each external state
i with helicity hi we have
|i〉 → ti|i〉 , |i]→ t−1i |i] =⇒ An → t−2hii An . (2.7)
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If all spinors |i〉 and |i] transform with the same parameter t, then the amplitude scales as
An → t−2
∑
i hiAn. At the same time, the structure (2.1) implies that An → t2(a−s)An. We conclude
that
a− s = −
∑
i
hi . (2.8)
Combining (2.6) and (2.8) gives
2s = 4− n− c+
∑
i
hi , 2a = 4− n− c−
∑
i
hi . (2.9)
Thus a and s are completely determined by dimensional analysis and little-group scaling; that is
why a and s as given in (2.2) are well-defined quantities and cannot differ from term to term in
the amplitude.
Anti-holomorphic all-line shifts:
We focus on a momentum-conserving anti-holomorphic shift of all the external lines:
|i] → |ˆi] = |i] + z wi |X] , with
∑
i
wi|i〉 = 0 . (2.10)
For generic external momenta and generic |X], all square brackets [ij] shift linearly in z, while
the angle brackets remain unshifted. The preceding analysis shows that
Aˆn(z)→ zs (or better) as z →∞ , with 2s = 4− n− c+
∑
i
hi . (2.11)
The condition s < 0 is sufficient to ensure Aˆn(z) → 0 for large z. This means that there is no
pole at infinity, and in the usual way [4] Cauchy’s theorem then gives a valid recursion relation
for the amplitude:5
0 =
∮
C
An(z)
z
=⇒ An = Aˆn(0) =
∑
I
AˆL(zI)
1
P 2I
AˆR(zI) . (2.12)
The sum is over all tree diagrams with subamplitudes AˆL and AˆR evaluated at shifted momenta
with z = zI such that the internal line PˆI is on-shell. In certain cases (to be discussed in the next
section), the all-line shift recursion relation is equivalent to the MHV vertex expansion.
General couplings (c again):
In the above discussion we assumed that the product of couplings for each term T has the same
mass dimension c = cT . If this is not the case, our discussion above implies that the worst falloff
for large z arises from terms with the smallest value of cT . The c that appears in (2.11) is therefore
defined to be the smallest value cT of any term in the amplitude.
Example. For purely illustrative purposes, let us consider scalars with cubic and quartic
interactions, schematically µφ3 and λφ4. A 4-point amplitude can have contributions from
5For a holomorphic all-line shift, |ˆi〉 = |i〉+ w˜i |X〉, the integer a controls the large-z behavior. Hence a < 0 is a
sufficient condition for the validity of holomorphic all-line shift recursion relations.
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pole diagrams with two cubic vertices and from 4-point contact terms. These diagrams
have couplings gpole = µ
2 and gcontact = λ, respectively, with mass dimensions cpole = 2
and ccontact = 0. Under the all-line shift, the pole diagrams go as 1/z for large z, while the
contact terms are unshifted. Hence the shifted 4-point amplitude behaves as z0 for large
z. Indeed, this is the behavior determined by (2.11) when c is taken to the lowest mass
dimension of the couplings gpole and gcontact, i.e., c = ccontact = 0.
Power-counting renormalizable theories:
Consider a theory of massless particles whose coupling constants have either vanishing or positive
mass dimension; these are “power-counting renormalizable” theories. In such a theory c ≥ 0, and
consequently we have
s+ a ≤ 4− n (power-counting renormalizable theory) . (2.13)
We conclude that amplitudes with n > 4 have either s < 0 or a < 0 (or both) and therefore vanish
either under an anti-holomorphic or a holomorphic all-line shift (or both). In power-counting
renormalizable theories, amplitudes with n > 4 external lines are always constructible from an
all-line shift recursion relation. The derivation made heavy use of the little-group properties
appropriate for massless particles, but this result generalizes to the massive case (see section 5).
3 From all-line shifts to the MHV vertex expansion
We have derived the simple sufficient condition (2.11) for the validity of the all-line shift recursion
relations. In this section we discuss when the all-line shift recursion relations can be applied
iteratively to yield the MHV vertex expansion [6].
Let us begin with a brief review of the MHV vertex expansion in Yang-Mills theory. The MHV
vertex expansion expresses a tree gluon amplitude as a sum of “MHV vertex diagrams”. At the
NkMHV level, each diagram contains k + 1 MHV vertices and k internal lines, for example
AN
3MHV =
∑
+
∑
. (3.1)
The value of each diagram is simply the product of the k + 1 on-shell MHV subamplitudes and
the k scalar propagators 1/P 2I . For internal momenta PI , one defines angle spinors |PI〉 using the
CSW prescription
|PI〉 ≡ PI |X] , (3.2)
where |X] is an arbitrary reference spinor. Square spinors |PI ] are not needed because the MHV
gluon amplitudes depend only on angle spinors (see (2.3)). The sum of all MHV vertex diagrams
is independent of |X].
The construction of the MHV vertex diagrams from the diagrams of the all-line shift recursion
relations is reviewed in appendix A in the context of N = 4 SYM. The essential properties required
in this derivation are:
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1. A classification of amplitudes into NkMHV sectors is needed; or at least a characterization
of MHV vs. non-MHV. This property is guaranteed in a supersymmetrizable theory, as we
discuss below.
2. All non-MHV amplitudes must admit a valid anti-holomorphic all-line shift. By (2.11), a
sufficient condition is that s < 0 for all non-MHV amplitudes.
3. MHV amplitudes are invariant under the anti-holomorphic all-line shift. A sufficient condi-
tion is that the MHV amplitudes depend only on angle brackets.6
4. No anti-MHV 3-point subamplitudes are allowed in the all-line shift recursion relations. This
is ensured by kinematics of the anti-holomorphic shift if the anti-MHV 3-point amplitudes
of the theory vanish as [12], [23], [31]→ 0.
If these four conditions are satisfied, the all-line shift recursion relations become equivalent to
the MHV vertex expansion. We will see several examples of this in section 4. It is important to
emphasize that whether or not the properties 1-4 hold, the validity of the all-line shift recursion
relations relies only on the large-z falloff in (2.11), i.e., s < 0.
NkMHV classification:
In preparation for the examples, we outline the general NkMHV classification of amplitudes. In
a four-dimensional N = 1 supersymmetric theory, states and their annihilation operators can be
classified as ‘α’ or ‘β’ depending on whether they are annihilated by Q or Q˜ [21, 22]:
[Q,α] = 0 , [Q˜, α] = 〈 p〉β , [Q˜, β] = 0 , [Q, β] = [ p]α . (3.3)
In N = 1 SYM theory, for example, a negative helicity gluon is an α-state while a negative helicity
gluino is a β-state. The positive helicity gluon and gluinos are β- and α-states, respectively.
All amplitudes with n ≥ 4 external states must include at least two α-states and two β-states;
if they have fewer α’s or β’s, the SUSY Ward identities force them to vanish.7 Amplitudes with
m α-states and (n−m) β-states are N(m−2)MHV.
In theories with extended supersymmetry, each set of supercharges has an associated α,β
classification. For example, in N = 4 SYM theory a negative helicity gluon is an α-state of
all four supercharges, but a negative helicity gluino is an α-state of three supercharges and a
β-operator of the fourth supercharge. When a theory is invariant under a global R-symmetry
relating all supercharges, the NkMHV classification is defined as in an N = 1 theory. However, if
the R-symmetry is broken, a classification level ka is needed for each unrelated set of supercharges
Qa. For example, two integers k and k˜ are required to classify closed string tree amplitudes with
massless external states in four dimension, since only a SU(4) × SU(4) subgroup of the SU(8)
R-symmetry is preserved [23]. We will not encounter multiple classification levels for the examples
in the following sections.
6For the MHV vertex expansion to be useful, one needs to be able to construct the tower of MHV amplitudes,
for example via BCFW.
7This holds when all external states are massless. In supersymmetric theories with massive particles, amplitudes
with only one α- or only one β-state can also be non-vanishing.
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4 Examples
In this section, we illustrate various aspects of the all-line shift recursion relations and the MHV
vertex expansion with several examples. We begin with a discussion of the three simplest theories:
φ4-theory, pure (super) Yang-Mills theory and pure supergravity. Then we turn to more interesting
examples, namely the Wess-Zumino model, gluon-Higgs fusion, and theories with higher-derivative
operators such as Fm in gauge theory. We end this section with an all-line shift proof of the well-
known formula for the rational all-minus 1-loop amplitude in QCD.
4.1 The simplest theories
φ4-theory
Let us apply the analysis of sections 2 and 3 to the simplest theory: λφ4 theory. The coupling
λ is dimensionless, so c = 0, and scalars have hi = 0. With this input, the simple criteria (2.11)
immediately shows that the 2m-point scalar amplitudes have a 1/zm−2 falloff under holomorphic
as well as anti-holomorphic all-line shifts. Hence the all-line shift recursion relations are valid
for m > 2, and the theory is on-shell constructible8 at tree level with a single input amplitude,
namely the 4-point amplitude 〈φφφφ〉 = λ.
It is clear that λφ4-theory satisfies all the criteria in section 2 for a valid MHV vertex expansion.
The MHV sector consists of the constant 4-point amplitude 〈φφφφ〉 only. Since this amplitude is
trivially on-shell, the MHV vertex expansion is identical to the Feynman diagram expansion.9
Pure (super) Yang-Mills theory
We have already discussed pure (super) Yang-Mills theory in sections 2 and 3, so let us be brief.
The NkMHV amplitudes of (S)YM theory fall off as 1/zk for large z and the all-line shift recursion
relations imply the MHV vertex expansion. MHV amplitudes (k = 0) cannot be calculated from
anti-holomorphic all-line shift recursion relations, but as discussed in the Introduction, they can
be computed with holomorphic all-line shift recursion relations for n > 4.
Pure supergravity
In (super)gravity, the coupling κ has dimension −1, and as argued in section 2 this means that
c = 2−n for n-point tree amplitudes. For an NkMHV amplitude the sum of helicities is ∑i hi =
−2(k+2) + 2(n−k−2) = 2n−4k−8, so s = n−3−2k. By (2.11), we then have
Mˆn(z) ∼ zn−3−2k as z →∞ (4.1)
under an all-line shift. This is exactly the behavior expected from the KLT relations, which
in field theory take the form Mn =
∑
sn−3ij A
2
n; here Mn and An are the tree-level gravity and
color-ordered gauge theory amplitudes, and sn−3ij is a product of n−3 Mandelstam variables.
8It is often stated that φ4-theory is not tree-level constructible because BCFW fails. This has been ‘repaired’
in the literature either by introducing auxiliary fields to resolve the 4-point interaction into pole diagrams [1] or by
reconstructing the pole at infinity [24].
9This in fact generalizes to massive φ4 theory, where the all-line shift recursion relations for massive particles
that we introduce in section 5 also precisely reproduce the Feynman diagram expansion. However, in section 5 we
focus on other, less trivial, examples of the massive all-line shift recursion relations.
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Figure 1: The particle content (a) and the seven MHV vertices (b) of the Wess-Zumino model.
The large-z behavior (4.1) shows that the all-line shift recursion relations are never valid
for all amplitudes of a given number of external particles n. In particular, amplitudes whose
sum of helicities H lies in the range −2 ≤ H ≤ 2 cannot be constructed from (holomorphic or
antiholomorphic) all-line shift recursion relations for any n; these amplitudes are thus required
as independent input for the all-line shift recursion relations. Shifts specialized to the external
particles, however, such as the all-minus shifts studied in [16, 19], yield a certain shift-dependent
MHV vertex expansion for pure-graviton amplitudes that works up to a certain number of external
legs; in the NMHV sector, it applies for n < 12 [19].
4.2 The Wess-Zumino model
So far we have seen an example where the MHV vertex expansion was trivial because there
was only a single MHV amplitude (λφ4 theory), and an example where there was an infinite
tower of MHV amplitudes and the MHV vertex expansion was very powerful ( (super) Yang-Mills
theory). Going one step up in complexity from λφ4, we add fermions and let them interact with
the scalars via Yukawa-couplings. With supersymmetry, this gives the Wess-Zumino model with
massless scalars and fermions. As we will see shortly, one interesting feature of this model is that
it only has a finite number of MHV amplitudes. We consider the Wess-Zumino model with N
chiral superfields, Φa = za +
√
2θfa + θ
2Fa, a canonical Ka¨hler potential, and the superpotential
W = 16gabcΦaΦbΦc. The couplings gabc are fully symmetric and repeated indices are summed from
1 to N . The scalars za have 4-point interactions
1
4gabxg
∗
cdxzazbz¯cz¯d, and they interact with the
fermions fa via Yukawa couplings
1
2gabc zafbfc+h.c. . The table in figure 1(a) summarizes helicity,
U(1)R-charge, and supersymmetry α, β assignments (introduced in (3.3)) of the states.
NkMHV classification: As described in section 3, the external states of an NkMHV amplitude
are (k + 2) α-states and (n − k − 2) β-states. If nx denotes the number of particles of type x
among the n external states, we have (see table in figure 1(a))
NkMHV: #α’s = nf + nz¯ = k + 2 , #β’s = nf¯ + nz = n− k − 2 . (4.2)
Also, the sum of the R-charges must vanish: −nf − 2nz¯ + nf¯ + 2nz = 0. These three equations
imply
NkMHV: nz = 6− nf + 3k − n , nz¯ = k + 2− nf , nf¯ = 2n+ 4(k − 2) + nf . (4.3)
Note that since nz ≥ 0, there can be no NkMHV amplitudes with more than nmax = 6+3k external
states. In particular, the MHV sector contains only amplitudes with n = 3, . . . , 6 external states.
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〈fa1fa2za3〉 = −ga1a2a3 〈12〉 , (4.4)
〈fa1fa2 f¯a3 f¯a4〉 = ga1a2x g∗a3a4x
〈12〉
〈34〉 ,
〈fa1za2 f¯a3 z¯a4〉 = −ga1a2x g∗a3a4x
〈14〉
〈34〉 ,
〈za1za2 z¯a3 z¯a4〉 = −ga1a2x g∗a3a4x , (4.5)
〈z¯a1 z¯a2za3 f¯a4 f¯a5〉 = g∗a1a2x ga3xy g∗a4a5y
1
〈45〉 − g
∗
a1a4x gxa3y g
∗
a2a5y
〈12〉
〈14〉〈25〉
+g∗a1a5x ga3xy g
∗
a2a4y
〈12〉
〈15〉〈24〉 ,
〈f¯a1 z¯a2fa3 f¯a4 f¯a5〉 = −g∗a2a1x ga3xy g∗a5a4y
〈23〉
〈45〉〈12〉 + P(3, 4, 5) , (4.6)
〈z¯a1 z¯a2 f¯a3 f¯a4 f¯a5 f¯a6〉 = g∗a1a3x g∗a2a4y g∗a5a6w gxyw
〈12〉
〈13〉〈24〉〈56〉
−g∗a1a2x g∗a3a4y g∗a5a6w gxyw
1
〈34〉〈56〉 + P(3, 4, 5, 6) , (4.7)
Table 2: The seven MHV amplitudes of the Wess-Zumino model. P denotes a sum over inequivalent
permutations of the momentum and flavor labels of the listed particles, with a minus sign for interchanges
of fermions. The amplitudes are not color-ordered.
There are 7 such amplitudes: their MHV vertices are listed in figure 1(b) and explicit expressions
are given in table 2.10 Note that the MHV amplitudes are holomorphic in angle brackets.
MHV vertex expansion: We use (2.11) to find the large-z behavior of the amplitudes under
an anti-holomorphic shift. The couplings gabc are dimensionless, giving c = 0, and the sum of
helicities in an NkMHV amplitude is
∑
i hi =
1
2(nf¯ − nf ) = n+ 2(k − 2), as can be seen from the
table in figure 1(a) and (4.3). Hence (2.11) gives
AˆN
kMHV
n (z) ∼
1
zk
for z →∞ . (4.8)
The four conditions of section 3 are all satisfied, so the all-line shift recursion relations imply the
validity of the MHV vertex expansion for all non-MHV amplitudes of the Wess-Zumino model. It
is instructive to see it at work in the following.
Comparison of Feynman diagrams with the MHV vertex expansion: Pure scalar tree
amplitudes behave exactly as in φ4-theory (section 4.1), so let us exchange a scalar pair z¯z in
a pure scalar amplitude with a fermion pair f¯f . This does not change the NkMHV level. The
10The MHV amplitudes can be computed with BCFW recursion relations derived from a [f, f¯〉 shift. We spare
the reader the proof of the validity of this BCFW shift and the details of the computation of the MHV amplitudes
from BCFW.
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.
Figure 2: A Feynman diagram (left) and the corresponding MHV vertex diagrams (right) of the NMHV
amplitude 〈ffff¯ f¯ f¯〉.
Feynman diagram expansion for the 6-point NMHV amplitude 〈zzz¯z¯f f¯〉 takes the schematic form
〈zzz¯z¯f f¯〉 = + + . (4.9)
The MHV vertex expansion of the same amplitude is given by
〈zzz¯z¯f f¯〉 = + + (4.10)
plus diagrams obtained by replacing z ↔ z¯ in the first diagram and f ↔ f¯ in the second. There
are more MHV vertex diagrams than Feynman diagrams. This has to do with the different ways
Feynman diagrams can be reorganized into on-shell MHV blocks. Let us illustrate this explicitly
in the simpler example of a 6-fermion amplitude.
Only one type of Feynman diagram contributes to the 6-fermion NMHV amplitude 〈ffff¯ f¯ f¯〉,
as displayed together with its value in figure 2. The full amplitude is the sum of diagrams
obtained from cyclic permutations of lines (1, 2, 3) and (4, 5, 6). There are two ways to ‘chop’ the
propagators in the Feynman diagram in figure 2 to get MHV vertices:11 cut P12 or P124. The
results, given in figure 2, are exactly the two types of diagrams that appear in the MHV vertex
expansion of 〈ffff¯ f¯ f¯〉. The sum of these two diagrams is independent of |X] and agrees with
that of the Feynman diagram.
The MHV vertex expansion gives an alternative on-shell formulation of the tree-level Wess-
Zumino model. We expect that there exists a corresponding MHV vertex Lagrangian [25, 26, 27] in
which the anti-MHV 3-vertex z¯f¯ f¯ is absent at the cost of having 7 fundamental MHV interactions.
4.3 Gluons → Higgs fusion
In the Standard Model, the Higgs h interacts with gluons (or photons) through 1-loop diagrams
with a fermion running in the loop. Gluon fusion processes gg → h are expected to be the
11Cutting P56 gives an anti-MHV 3-vertex.
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dominant source of Higgs-production at the LHC. The leading contribution comes from the top
quark loop. If the Higgs mass is below the threshold for tt¯ creation, mh < 2mt, integrating out
the heavy quark gives an effective description of gluon fusion in terms of the dimension-5 operator
b
2
hTrFµνF
µν . (4.11)
The coupling constant is b = αs/(6piv), with v ≈ 246 GeV. Amplitudes with m insertions of the
operator (4.11) are suppressed as (
√
s/v)m, so we restrict our attention to tree amplitudes with a
single insertion of (4.11). The MHV vertex expansion has been used in the literature to calculate
these amplitudes [28, 29, 30, 31, 32, 33]. Here we apply our general results of sections 2 and 3 to
justify the validity of the MHV vertex expansion.
The first step is to embed the operator (4.11) into an N = 1 supersymmetric theory [28, 30]
so we can define an MHV classification. To this end we introduce a vector supermultiplet and
a chiral superfield Φ whose lowest component is a complex scalar z. The real part of z is the
Higgs, h = 12(z + z¯). The effective operator Φ TrWαW
α + h.c. yields bosonic component
operators Re zTrF 2 = hTrF 2 and Im zTrFF˜ . It is useful to express the amplitudes in terms of
the complex scalar z and its conjugate z¯, since they couple holomorphically/anti-holomorphically
to the negative/positive helicity gluons [28, 30]:
〈− − z〉 = −b 〈12〉2 , 〈+ + z¯〉 = −b [12]2 ,
〈+ + z〉 = 〈− − z¯〉 = 〈+− z〉 = 〈−+ z¯〉 = 0 .
(4.12)
Higgs amplitudes are linear combinations of amplitudes involving z and z¯, for example
〈− − h〉 = 〈− − z〉+ 〈− − z¯〉 = 〈− − z〉.
Under the action of the SUSY charges (3.3), gluons (A±) and scalars (z, z¯) are classified as
α-states: z¯ , A− , β-states: z , A+ . (4.13)
When all particles are massless, supersymmetry guarantees that the “ultra helicity violating”
(UHV) amplitudes 〈α . . . α〉 and 〈α . . . αβ〉 vanish. However, when massive particles are involved,
amplitudes 〈α . . . αβ〉 are generically non-vanishing. The gluons are massless, but the Higgs is
massive. With one external scalar, the UHV amplitudes [28, 30] are
〈±+ · · ·+ z〉 = 0 , 〈+ + · · ·+ h〉 = 〈+ + · · ·+ z¯〉 = b m
4
h
cyc(1, n-1)
, (4.14)
with cyc(1, n-1) defined as the cyclic product of the angle brackets involving only the gluon
momenta. The vanishing of 〈+ + · · · + z〉 = 〈ββ . . . β〉 follows from the SUSY Ward identities,
while the vanishing of 〈−+ · · ·+ z〉 can be proven inductively using BCFW. The compact formula
for the UHV amplitude 〈++· · ·+h〉 was found in [28, 30]; it can also be derived using a holomorphic
all-line shift, but we will not include the details here.
Let us now move on to the MHV sector. Recalling that the external states of MHV amplitudes
are 2 α-states and (n−2) β-states, we note that (up to permutations of gluons) the bosonic MHV
amplitudes are 〈− −+ . . .+ z . . . z〉, 〈−+ . . .+ z¯ z . . . z〉, and 〈+ . . .+ z¯ z¯ z . . . z〉. The gluons are
color-ordered, while the positions of scalars are arbitrary. With only one insertion of (4.11), the
only non-vanishing MHV amplitudes are
MHV: 〈− −+ . . .+ z〉 and 〈−+ . . .+ z¯〉 . (4.15)
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The MHV amplitude 〈− − + . . . + z〉 was calculated in [28, 29] and found to take the same
form as the Parke-Taylor amplitude,
〈+ · · · −i · · · −j · · ·+ z〉 = − b 〈ij〉
4
cyc(1, n-1)
. (4.16)
This formula is valid both for massive and massless scalars, and it can be proven recursively using
BCFW. Together with the usual gluon MHV amplitudes, the single-scalar amplitudes (4.16) give
an MHV vertex expansion for NkMHV amplitudes of the form
NkMHV: 〈− . . .−+ . . .+ z〉 . (4.17)
To justify the MHV vertex expansion, we first use (2.11) to show that the anti-holomorphic all-line
shift recursion relations are valid.12 With one insertion of (4.11) we have c = −1, and k+2 negative
helicity gluons and n−k−3 positive helicity gluons give∑i hi = n−2k−5. By (2.11), the amplitudes
(4.17) therefore fall off as 1/zk for large z. Secondly, even if all four conditions in section 3 are
satisfied, there is a potential obstacle since the massive scalar could result in UHV amplitudes
appearing in the all-line recursion relations. However, the only UHV amplitudes that could appear
in the expansion of (4.17) are 〈± + · · · + z〉, but they vanish according to (4.14). Therefore, the
only possible subamplitudes in the all-line shift recursion relations are the holomorphic MHV
amplitudes (4.16), pure-gluon amplitudes, and lower-point amplitudes of the form (4.17). Thus,
despite the massive Higgs boson in this theory, the MHV vertex expansion is rigorously justified.
As a final comment, let us note that there is a simple formula for the MHV amplitudes with
z¯ when the scalars are massless:
〈−+ . . .+ z¯〉 = b
cyc(1, n-1)
n−1∑
j=2
〈1|pj .pz¯|1〉2
sz¯j
, (for mh = 0 ) . (4.18)
This can be proven inductively, using a BCFW shift [−,+〉 of adjacent gluon lines.
4.4 Fm and Rm operators
How is on-shell constructibility affected when a higher-derivative interaction αmD
2qFm is added to
the Yang-Mills Lagrangian? Or when βmD
2qRm is added to gravity? Such operators appear in the
open and closed string effective action,13 and they can also be considered candidate counterterms
for UV divergences in loop-amplitudes. In general, these higher-dimensional operators may or may
not be supersymmetrizable. In this section we consider matrix elements with a single insertion of
operator Fm to Yang-Mills theory or of Rm to Einstein gravity.14 Information about the particular
index contractions or trace structure is not needed for our analysis. On-shell constructibility for
the more general versions of these operators is discussed in section 6.
Matrix elements with a single insertion of αmF
m are denoted by 〈. . .〉Fm . These are propor-
tional to the coupling αm which has mass dimension 4− 2m (see table 1), and hence c = 4− 2m.
Suppose the operator Fm is not supersymmetrizable. Then amplitudes with less than two positive-
helicity gluons do not have to vanish; let us in particular focus on the ultra helicity violating
12For a massive Higgs boson, the justification for using (2.11) is given in section 5.
13For recent work on recursion relations for string amplitudes, see [34, 35, 36].
14See [37, 38, 23, 39] for recent analyses of the matrix elements of supersymmetrizable gravity operators.
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(UHV) all-minus amplitudes. The general formula (2.11) shows that under an anti-holomorphic
shift, 〈−ˆ−ˆ . . . −ˆ〉Fm ∼ zm−n for large z. Hence for n > m, the all-line shift recursion relations
allow us to construct the n-point amplitudes 〈−− · · · −〉Fm . This is the strongest constructibility
that one can expect: the leading interaction of Fm is m-point, so the amplitudes with n < m
do not have insertions of Fm. For n = m we need the input from the m-point vertex since its
information cannot possibly be constructed from the lower-point Yang-Mills interactions. When
n > m there are local interaction terms in the non-linear completion of Fm, but these are inferred
from gauge invariance and do not contain independent information. Hence, it makes sense that
the all-minus n-point amplitudes with n > m can be computed recursively.
As an explicit example, consider the operator
α3 F
3 = α3 trFµ
ν Fν
λ Fλ
µ . (4.19)
Its leading 3-point interaction gives15 〈− − −〉F 3 = α3〈12〉〈23〉〈31〉. This is the unique spinor
product of mass dimension 3 with the correct little-group scaling. Together with the usual on-shell
Yang-Mills amplitudes, 〈−−−〉F 3 is the only input needed to construct all the higher-point matrix
elements 〈− − · · · −〉F 3 . For example, the all-line shift recursion diagrams of 〈− −−−〉F 3 consist
of a 〈− − −〉F 3 subamplitude, together with a standard Yang-Mills theory MHV subamplitude
〈− −+〉. Summing over cyclic permutations, we find
〈− − −−〉F 3 = α3
∑
Pc(1234)
〈12〉〈2P12〉〈P121〉 1
P 212
〈34〉3
〈3P12〉〈P124〉 = 2α3
s t u
[12][23][34][41]
. (4.20)
In the last step we carried out the cyclic sum to determine the |X]-independent result. The final
expression is obviously cyclically invariant. The example shows that the operator F 3 generates
ultra helicity violating amplitudes. These are not permitted in a supersymmetric theory, and we
conclude that F 3 is not supersymmetrizable; a well-known result.
Next, consider the gravity operator βmR
m (with m ≥ 3) constructed by contracting m Rie-
mann tensors. Matrix elements 〈. . .〉Rm with a single insertion of Rm have c = 4 − n − 2m (see
table 1), and hence 〈−ˆ−ˆ . . . −ˆ〉Rm ∼ zm−n for large z. The all-line shift recursion relations are
therefore valid for n > m, as in the case of Fm. Let us illustrate the recursion relations for R3.
The 3-point matrix element is unique,
〈− − −〉R3 = β3〈12〉2〈23〉2〈31〉2 ∝
(〈− − −〉F 3)2 . (4.21)
The all-line shift recursion relations give
〈− − −−〉R3 = 14β3
∑
P(1234)
〈12〉2〈2P12〉2〈P121〉2 1
P 212
〈34〉6
〈4P12〉2〈P123〉2
= 14β3
∑
P(1234)
〈12〉5〈34〉2[1X]2[2X]2
[12][3X]2[4X]2
, (4.22)
where the sum is over all permutations of momenta 1,2,3,4 and the factor of 1/4 corrects for
overcounting. We have verified |X]-independence numerically; in fact, a KLT-like relation holds:
〈1−, 2−, 3−, 4−〉R3 ∝ s12 〈1−, 2−, 3−, 4−〉F 3〈1−, 2−, 4−, 3−〉F 3 . (4.23)
Originally, the matrix element 〈− − −−〉R3 was calculated by van Nieuwenhuizen and Wu [40]
using a much more involved Feynman diagram calculation. The non-vanishing of 〈− − −−〉R3
shows that R3 is not supersymmetrizable [41].
15Note that 〈− −+〉F3 = 0.
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4.5 Ultra helicity violating 1-loop amplitudes
We have developed all-line shift recursion relations for tree amplitudes, but they can also be
applied to the rational part of loop amplitudes. Here, as an example, we verify inductively the
formula [42, 43]
R1-loopn (−− · · ·−) = Z
fn(1, n)
cyc[1, n]
,
fn(1, n) ≡
∑
1≤i1<i2<i3<i4≤n
[i1i2]〈i2i3〉[i3i4]〈i4i1〉 , cyc[1, n] ≡ [12][23] · · · [n1] (4.24)
for the planar contribution to the (color-ordered) ultra helicity violating (UHV) 1-loop amplitude
in QCD. Z is a constant containing the coupling and group-theory factors, and it is easy to see
that fn is cyclically invariant. Recursive derivations of (4.24) based on BCFW were given in
[44, 45].16 We show in this section that the all-line shift provides a very simple new recursive
proof of this result.
Validity of all-line shift: Under an anti-holomorphic all-line shift, the large-z falloff of
amplitudes with n negative helicity gluons and dimensionless couplings is given by (2.11) as
Rˆ1-loopn (−ˆ−ˆ . . . −ˆ) ∼ z2−n. Hence, assuming that R1-loopn (− − · · ·−) is a rational function, the
all-line shift recursion relations are justified for any n ≥ 4.
Inductive derivation: For n = 5, the result was first established in [47]. We proceed inductively
and assume that (4.24) is valid for n−1 external gluons. The diagrams in an all-line shift recursion
relation for Rˆ1-loopn (− − · · ·−) must consist of a 1-loop and a tree-level subamplitude. Since all
external states are negative helicity gluons, the tree-level subamplitude is only non-vanishing
when it has a total of three lines; up to cyclic permutations, it must therefore be of the form
Aˆtree3 ((n̂−1)−, nˆ−,−Pˆ+), where Pˆ = Pˆn-1,n. This leaves Rˆ1-loopn−1 (1ˆ−, . . . (n̂−2)−, Pˆ−) as the other
subamplitude. The resulting diagram D is then given by
D =
_
n-1
n
P
_
_
_ +
1
n-2
_
_
2
 

 
Rn-1 = Z
fˆn−1(1ˆ, Pˆ )
cyc[1ˆ, Pˆ ]
× 1
P 2n-1,n
× 〈n−1, n〉
3
〈nPˆ 〉〈Pˆ , n− 1〉 , (4.25)
where the shifted momenta are evaluated at the value of z that puts the internal momentum
Pˆ ≡ Pˆn-1,n on-shell. From |Pˆ ]〈Pˆ | = |n̂−1]〈n−1|+ |nˆ]〈n| and [n̂−1, nˆ] = 0 it follows that
fˆn−1(1ˆ, Pˆ ) = fˆn(1ˆ, nˆ) . (4.26)
In the denominator of (4.25), the spinor products involving the internal line Pˆ give
[n̂−2, Pˆ ] [Pˆ 1ˆ] 〈nPˆ 〉 〈Pˆ , n− 1〉 = 〈n−1, n〉2 [n̂−2 n̂−1] [nˆ 1ˆ] . (4.27)
It follows that
D = Z
fˆn(1ˆ, nˆ)
[1ˆ2ˆ] · · · [n̂−2, n̂−1] [n−1, n] [nˆ1ˆ] . (4.28)
16Risager’s anti-holomorphic 3-line shifts [15] were used for UHV 1-loop gravity amplitudes in [46].
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We recognize D as (minus) the all-line-shift residue at Pˆ 2n-1,n = 0 of
Z
fn(1, n)
cyc[1, n]
. (4.29)
Summing over all cyclically related diagrams then gives us the residues of (4.29) at Pˆ 2i,i+1 = 0 for
any i. Since Rˆ1-loopn (−−· · ·−) is constructible from an all-line shift it is completely determined by
its residues, and it must therefore coincide with (4.29). This completes the derivation of (4.24).
5 Massive particles
We extend the all-line shift recursion relations to amplitudes with massive particles. We intro-
duce an “anti-holomorphic” all-line shift for massive particles and use a massive spinor-helicity
formalism to determine the large-z behavior; the necessary machinery is presented in this section
while further details are relegated to appendix B. We illustrate massive all-line shift recursion
relations with several examples.
5.1 Massive all-line shifts
The constraints on consistent all-line shifts are strong, and it turns out that there is a unique way
to define them. Begin with a shift of all the external states i = 1, . . . , n:
pi → pi + z ri . (5.1)
We require that
• External momenta stay on-shell: r2i = 0 and ri · pi = 0 for each i = 1, . . . , n.
• Momentum is conserved: ∑ni=1 ri = 0.
• All multi-particle invariants shift linearly in z: need ri · rj = 0 to eliminate O(z2)-terms.
Up to conjugation, the unique way to satisfy these conditions is
pα˙βi → pˆ α˙βi = pα˙βi + z di pα˙γi |X]γ [X|β ,
n∑
i=1
di pi|X] = 0 . (5.2)
For a generic choice of the external momenta and reference spinor |X], the constraint in (5.2) on
the constants di can be satisfied for n ≥ 4 external lines.17
If pi is massless, then di pi|X][X| = di |i〉[iX] [X|; we recognize this as the conventional anti-
holomorphic all-line shift (2.10) with wi = di[iX].
17We choose a sufficiently generic solution for the di to avoid that the O(z)-terms in multi-particle invariants
cancel.
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5.2 Spinor-helicity formalism for massive particles
There are two main approaches to spinor-helicity formalisms for massive particles (see, for example,
Dittmaier [7]): one is based on identifying eigenvectors of the momentum matrix pαβ˙ = pµσ
µ
αβ˙
and gives Dirac spinor solutions that are eigenstates of the helicity operator. The other approach
decomposes the time-like momenta pi along two light-like directions by introducing a null reference
vector qi for each state. Our generalization of all-line shifts to amplitudes with massive external
states is most naturally studied in the latter formalism.18
Consider a massive momentum p with p2 = −m2. Following [7] we introduce a light-like
reference vector q and decompose p as
p = p⊥ − m
2
2q · p q = p
⊥ +
m2
〈q|p|q] q . (5.3)
The projection p⊥ is null and has associated angle and square spinors |p⊥] and 〈p⊥| defined as
p⊥ = |p⊥〉[p⊥| , with |p⊥] = p|q〉√〈q|p|q] , |p⊥〉 = p|q]√〈q|p|q] . (5.4)
Note that |p⊥〉∗ = |p⊥] for real momenta and real reference spinor q.
In the massless limit, the angle and square spinors differ from the usual conventions by t|p〉
and t−1|p] with t = √[qp]/〈pq〉, which can be compensated by a little-group scaling. Hence, to
take the massless limit of a state in an amplitude, we can simply replace |p⊥〉 and |p⊥] by |p〉 and
|p] as m→ 0.
Dirac fermions: The independent solutions to the massive Dirac equation (B.2), fermions us
and us and anti-fermions vs and vs, are labeled by s = ±. We choose these solutions to be
eigenvectors of the helicity operator Σ˜±p;q in the frame defined by q and p. The explicit expression
for Σ˜±p;q is given in (B.10). Σ˜±p;q determines the “q-helicity” h˜i = ±12 of the states. For example,
the outgoing h˜i = ±12 anti-fermions are
|p]] ≡ v+ = ( |p⊥]im√
〈q|p|q] |q〉
)
, |p〉〉 ≡ v− = ( im√〈q|p|q] |q]|p⊥〉
)
, (5.5)
and they satisfy Σ˜+p;q|p]
]
= |p]] and Σ˜−p;q|p〉〉 = |p〉〉, while Σ˜−p;q|p]] = Σ˜+p;q|p〉〉 = 0.
The solutions for the outgoing fermions
[
[p| = −i u+ and
〈〈p| = i u− are given in (B.5). They
have q-helicity h˜i = ±12 , respectively. We distinguish incoming fermions from outgoing ones by
a “bullet” on their bra-kets; for example, an incoming negative q-helicity fermion is denoted by
|p ]]•. Crossing symmetry relates it to an outgoing positive q-helicity anti-fermion: |(−p)]]• = |p]].
Similarly, |(−p)〉〉• = −|p〉〉. We can summarize the Feynman rules as
Outgoing fermion anti-fermion Incoming fermion anti-fermion
h˜ = −1
2
u− ↔
〈〈p| v− ↔ |p〉〉 h˜ = +1
2
u+ ↔ −|p〉
〉• v+ ↔ − 〈〈•p|
h˜ = +
1
2
u+ ↔
[
[p| v+ ↔ |p]
]
h˜ = −1
2
u− ↔ |p ]
]• v− ↔ [[•p| .
(5.6)
18See [48, 8, 49] for earlier applications of BCFW recursion relations with massive particles.
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Note that outgoing angle/square-spinor states have negative/positive q-helicity while incoming
angle/square-spinor states have the opposite, namely positive/negative, q-helicity. This is consis-
tent with the crossing rules.
The familiar completeness relation v+v+ + v−v− = i/p −m, and the similar version with u’s,
take the following form in bra-ket notation:
|p〉〉[[•p| − |p]] 〈〈•p| = /p+ im , |p〉〉•[[p| − |p ]]•〈〈p| = /p− im . (5.7)
Spinor brackets: We define spinor brackets such as
〈〈12〉〉 =〈〈p1|a|p2〉〉a as the obvious inner-
product of the 4-component Dirac spinors. These products are automatically antisymmetric〈〈12〉〉 = −〈〈21〉〉. If we choose the same reference vector q for the two momenta, then 〈〈12〉〉 = 〈1⊥2⊥〉.
The symmetric product
〈〈12]] =[[21〉〉 is non-vanishing for massive fermions, but vanishes in the
massless limit.
The spinor products are particularly simple when all reference vectors qi are equal :〈〈ij〉〉 = 〈i⊥j⊥〉 , [[ij]] = [i⊥j⊥] , 〈〈ij]] = imi [j⊥q]
[i⊥q]
− imj 〈i
⊥q〉
〈j⊥q〉 . (5.8)
Note also that
〈〈iq]] =〈〈qj]] = 0. For further details, see appendix B.
Massive vector bosons: As for massless vector bosons, we can write the polarization vectors
of the massive vector bosons in terms of the 4-component spinors:
α˙β− =
√
2|p⊥〉α˙[q|β
[p⊥q]
⇔ /− =
√
2[
[pq]
](|p〉〉[[•q| − |q]] 〈〈•p|) ,
α˙β+ =
√
2|q〉α˙[p⊥|β
〈p⊥q〉 ⇔ /+ =
√
2〈〈pq〉〉(|q〉〉[[•p| − |p]] 〈〈•q|) , (5.9)
/0 =
1
m
(
/p
⊥ − m
2
〈q|p|q]/q
)
=
1
m
(
/p− 2m
2
〈q|p|q]/q
)
,
where |q〉〉 = (0, |q〉) and |q]] = (|q], 0) are the usual massless spinors written in 4-component form.
Together with pµ/m, the polarizations form a properly normalized basis of four-vectors.
Unlike in the massless case, the helicity amplitudes with massive particles depend explicitly
on the reference vector q; this is simply because of the way we decompose the spin states in terms
of the frame-dependent notion of q-helicity.
5.3 q-helicity little-group scaling
For the moment, let us choose different reference vectors qi for each external particle. Suppose we
scale qi as
|qi〉 → t−1i |qi〉 , |qi]→ ti |qi] . (5.10)
This implies
|p⊥i 〉 → ti |p⊥i 〉 , |p⊥i ]→ t−1i |p⊥i ] , (5.11)
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and
|i〉〉→ ti |i〉〉 , |i]]→ t−1i |i]] , |i〉〉• → ti |i〉〉• , |i ]]• → t−1i |i ]]• . (5.12)
So an outgoing Dirac fermion wavefunction scales as t−2h˜ii (incoming t
2h˜i
i ) where h˜i = ±12 is the
q-helicity. It is clear from (5.9) that the polarizations of outgoing vector bosons also scale as t−2h˜ii :
/i± → t∓2i /i± , /i;0 → t0i /i;0 . (5.13)
Propagators do not scale. We conclude that under the scaling (5.10) an on-shell amplitude with
outgoing particles only scales as
An → t−2h˜ii An . (5.14)
We refer to this scaling as q-helicity little-group scaling.
In the following subsections, we will take all reference vectors to be equal, qi = q, and all
particles to be outgoing. From (5.14), we conclude
An
({t−1|q〉, t |q]}) = t−2∑i h˜i An({|q〉, |q]}) . (5.15)
This is the massive equivalent of the little-group scaling we exploited to study the large-z behavior
of the all-line shift in section 2.
5.4 All-line shifts in the massive spinor-helicity formalism
There is a natural implementation of the all-line shift (5.2) in the framework of the massive
spinor-helicity formalism of section 5.2. First note that the spinors |p⊥] and |p⊥〉 in (5.4) contain
a normalization 1/
√〈q|p|q]. Clearly we want to avoid shifting 〈q|p|q]. This is achieved by choosing
all reference vectors equal, qi = q, and by setting
|X] ≡ |q] . (5.16)
With this choice, the massless projections p⊥i shift exactly as massless external momenta shift
under the conventional anti-holomorphic shifts:
|pˆ⊥i 〉 = |p⊥i 〉 , |pˆ⊥i ] = |p⊥i ] + z bi|X] , (5.17)
where bi = αp di with αp =
√〈q|pi|X] = 〈q p⊥〉= [p⊥X]. The Dirac spinors |p]] and |p〉〉 shift in
analogy with their massless counterparts:
|pˆ〉〉 = |p〉〉 , |pˆ]] = |p]]+ z bi|X]] , |X]] ≡ (|X]
0
)
. (5.18)
Shifted angle and square spinor products have the same z-dependence as in the massless case,〈〈pˆi pˆj〉〉 = 〈〈pi pj〉〉 , [[pˆi pˆj ]] = [[pi pj ]]+ z(bj [p⊥i X]− bi[p⊥j X]) , (5.19)
while mixed angle/square spinor products remain unshifted:[
[pˆipˆj〉
〉
=
[
[pipj〉
〉
. (5.20)
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The polarization vectors (5.9) shift as follows:
/ˆi− = /i− , /ˆi+ = /i+ + z bi
√
2
〈p⊥i q〉
(
|q〉[X| − |X]〈q|
)
, /ˆi 0 = /i 0 + z
/ri
m
, (5.21)
where ri is the momentum shift of line i, as defined in (5.1). The behavior of the transverse
polarizations /ˆi± is just like for massless vectors whose reference spinors are proportional to the
|X] of the shift.
5.5 Large-z behavior under massive all-line shifts
Under the anti-holomorphic all-line shift discussed in sections 5.1 and 5.4, the amplitudes with
massive particles among the external states behave as
Aˆn(z)→ zbsc (or better) , as z →∞ , with 2s = 4− n− c+
∑
i
h˜i . (5.22)
This is very similar to (2.11) for the massless case, but with helicity replaced by q-helicity. As
before, c is the (lowest) mass dimension of the product of couplings in the Feynman diagrams for
the process under consideration. As we show with the examples in the next section, processes
with massive particles can have half-integer s, but the large-z behavior has to have an integer
exponent since the amplitude is a rational function. We argue below that the bsc ≡ floor(s) that
appears in (5.22) is indeed the appropriate integer bound on the exponent of the large-z falloff.
To prove (5.22), we need to consider how the amplitude depends on angle/square spinors and
momenta, and how the various brackets behave for large z under the all-line shift. For now,
we assume that no longitudinal gauge bosons are among the external states, and we will treat
amplitudes with such particles separately at the end. A generic term in the amplitude consists of
1) propagators 1/(P 2I +m
2
I),
2) dot products of polarizations and momenta, pi · pj , i · pj and i · j , and
3) spinor wave functions contracted into spinor products such as
〈〈i|f(p,m, )|j]], 〈〈i|f(p,m, )|j〉〉,
and
[
[i|f(p,m, )|j]] with f denoting polynomials in /p, /, and m.
The dot products 2) and spinor products 3) can all be converted to products and sums of elemen-
tary anti-symmetric and symmetric spinor products so that the amplitude takes the schematic
form19
An =
∑
g
〈〈..〉〉an[[..]]sn〈〈..]]tn〈〈 . q〉〉a˜n[[ . X]]s˜nmµn.
(P 2I +m
2
I)
ln
〈〈 . q〉〉a˜d[[ . X]]s˜d . (5.23)
Here .’s denote the external lines and |q〉〉 and |X]] are the reference spinors of the spinor-helicity
formalism. For simplicity, we have used crossing symmetry to convert any in-going angle/square
19We do not expand out the four-component spinor brackets according to their definitions. In order to be able
to use q-helicity little-group scaling in the following argument, it is important to use the spinor definitions (5.5) for
both massive and massless particles. For example if p2i = 0, we have |i〉
〉
=
(
0
|i⊥〉
)
= t
(
0
|i〉
)
and |i]] = (|i⊥]0 ) = t−1(|i]0 ),
with t =
√
[Xi]/〈iq〉.
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spinors to outgoing ones. The Feynman rules show that the only factors that appear in the
denominator are the (P 2I + m
2
I) of the propagators (our schematic notation includes massless
propagators), and the antisymmetric brackets
〈〈 . q〉〉 and [[ . X]]. Spinor brackets involving |q〉〉 or
|q]] = |X]] arise only from the polarization vectors. Since the expressions for the polarizations in
(5.9) are homogeneous in |q〉〉 and |X]] respectively, the number of spinor brackets with |q〉〉 and
|X]] appearing in the numerator of (5.23) must be the same as in the denominator; hence a˜n = a˜d
and s˜n = s˜d.
Consider now any term in the sum (5.23), characterized by the mass dimension c of its product
of couplings g and the non-negative integers an, sn, tn, a˜n, s˜n, ln, and µn.
20 Every spinor bracket
has mass dimension 1, so dimensional analysis gives
an + sn + tn + µn − 2ln = 4− n− c , (5.24)
because the full amplitude (5.23) must have mass dimension 4 − n. The q-helicity little-group
scaling (5.12) leaves the spinor products
〈〈..]], 〈〈.q〉〉, and [[.X]] invariant. It is then obvious from
(5.23) that the term scales as t2(an−sn); on the other hand, (5.14) requires a homogeneous scaling
t−2
∑
i h˜i . We conclude that an − sn must be the same for every term, namely
an − sn = −
∑
i
h˜i. (5.25)
This is now combined with (5.24) to give
2(sn − ln) = 4− n− c− tn − µn +
∑
i
h˜i . (5.26)
Under an all-line shift, all propagators and all square brackets
[
[..]
]
go as ∼ z for large z. No
other brackets shift; in particular,
[
[ . X]
]
is unshifted. Each terms in (5.23) therefore behaves as
zsn−ln for large z; hence, the large-z behavior of the full amplitude (5.23) is determined by the
terms with the largest value of sn − ln. As tn ≥ 0, (5.26) allows us to conclude that
2(sn − ln) = 4− n− c− tn − µn ≤ 4− n− c+
∑
i
h˜i . (5.27)
Since each term goes as ∼ zsn−ln for large z, and since sn − ln must be an integer, (5.27) proves
the claim (5.22) in the absence of longitudinal vector bosons among the external states.
Longitudinal gauge bosons: Let us now include longitudinal gauge bosons among the external
states. First, let us note that the polarization vector 0 in (5.9) is not the same as the longitudinal
polarization L in the conventional helicity basis (see (B.27) for details). However, its leading
contribution at large momenta (and in particular at large z) coincides with the leading contribution
of L. To leading order in large z, we apply the equivalence theorem to the longitudinal gauge
boson and replace it by its associated Goldstone boson Φ.21 We find
(ˆ0)µ〈· · · Aˆµ · · ·〉 ∼ (ˆL)µ〈· · · Aˆµ · · ·〉 ∼ 〈· · · Φˆ · · ·〉 (leading order in z) . (5.28)
20We emphasize that explicit factors of masses m that appear in the Feynman rules for interaction vertices (as
is the case, for example, for Higgs bosons or massive gauge bosons) should be considered part of the product of
couplings g for an optimal estimate of the large-z falloff. These masses then contribute to c, not to µn.
21See [49] for a related application of the equivalence theorem in the context of BCFW shifts.
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Carrying out this replacement for each external gauge boson with polarization 0, we can treat
all of these particles as scalars (with q-helicity h˜ = 0) for the purpose of analyzing their large-z
behavior. Note, however, that is crucial to perform the expansion (5.23) of the amplitude after
replacing longitudinal gauge bosons by their corresponding scalars. The terms in the expansion
(in particular the mass dimensions c of their couplings g) will be different than for external gauge
bosons because the Goldstone-bosons have different Feynman rules. We will see this in the example
of Z-boson scattering in section 5.7.
In summary, we conclude that (5.22) holds for general amplitudes, as long as we determine
the mass dimension c of the couplings after replacing external longitudinal gauge bosons by their
corresponding Goldstone boson Φ. In particular, we have c ≥ 0 for power-counting renormalizable
theories, and thus all amplitudes with n > 4 external legs are constructible in such models.
The rest of this section is dedicated to examples which illustrate the massive spinor-helicity
formalism, the large-z behavior, and how recursion relations work for massive particles. First
we consider simple 4-point amplitudes in Yukawa theory (section 5.6) and then amplitudes of Z
bosons in the electroweak theory (section 5.7).
5.6 Examples: Yukawa theory with massive fermions
Consider a real scalar field φ with mass mφ coupled to Dirac fermions Ψ and Ψ with mass me
through the Yukawa interaction λφΨΨ. We refer to the Dirac particles and antiparticles as
electrons e and positrons e¯. The external states of the helicity amplitudes are specified in terms
of the q-helicity basis introduced earlier in this section. All external states are outgoing and we
write amplitudes as
Aq-helicitystates . (5.29)
For example, A−− 0 0e e¯ φ φ denotes the scattering amplitude whose outgoing external states are an
electron and positron, both with q-helicity h˜ = −1/2, and two scalars φ with h˜ = 0.
Start with the 3-point amplitudes. Following the Feynman rules for the fermion wave
functions (5.6), we have
A−− 0e e¯ φ = λ
〈〈12〉〉 , A++ 0e e¯ φ = λ [[12]] , A−+ 0e e¯ φ = λ 〈〈12]] , A+− 0e e¯ φ = λ [[12〉〉 . (5.30)
The last two amplitudes are proportional to the fermion mass me and vanish in the massless limit.
4-point electron-positron scattering:
Consider the process with two outgoing electrons and two outgoing positrons. Let us first take all
four q-helicities to be h˜ = −1/2. There are two Feynman diagrams and the Feynman rules (5.6)
directly give
A−−−−e e¯ e e¯ = λ
2
〈〈12〉〉〈〈34〉〉
P 212 +m
2
φ
− (1↔ 3). (5.31)
The relative minus sign arises from the exchange of identical fermions. Let us now apply the
all-line shift to (5.31). The angle brackets
〈〈..〉〉 are unshifted, and we get a 1/z-falloff from the
propagator in each diagram. This matches exactly the result (5.22) of our general analysis: since
the coupling λ is dimensionless, we have 2s = 4− n +∑ h˜i = −2, giving a falloff zs = z−1. The
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all-line shift recursion relations are therefore valid for this amplitude; the recursion diagrams are
just A−−0e e¯ φ × 1p2+m2φ ×A
−−0
e e¯ φ.
Next let us flip the q-helicity of one of the positrons. Then the Feynman rules give
A−−−+e e¯ e e¯ = λ
2
〈〈12〉〉〈〈34]]
P 212 +m
2
φ
− (1↔ 3). (5.32)
Under an all-line shift (recalling that
〈〈ij]] is unshifted) this amplitude also has a 1/z-falloff, and
this agrees with (5.22), where
∑
h˜i = −1 gives zbsc = zb−1/2c = 1/z. The recursive calculation of
this amplitude is trivial because the 3-point subamplitudes A−±0e e¯ φ are unaffected by the shift.
Finally, consider electrons and positrons of both q-helicities. The Feynman rules give
A−−++e e¯ e e¯ = λ
2
(〈〈12〉〉[[34]]
P 212 +m
2
φ
−
[
[32〉〉〈〈14]]
P 223 +m
2
φ
)
. (5.33)
Under the all-line shift, the first term is O(1) while the second is O(1/z). This matches the result
(5.22) with
∑
h˜ = 0. Thus this amplitude is not all-line-shift constructible.
4-point electron-positron-φ-φ scattering:
The all-line shift recursion relation is less trivial for electron-positron-φ-φ scattering. There are
two Feynman diagrams, related by exchanging the scalar lines 3↔ 4, so we have
A−− 0 0e e¯ φ φ = λ
2
〈〈1|/p23 + ime|2〉〉
P 223 +m
2
e
+ (3↔ 4). (5.34)
The numerator does not shift under the all-line shift, so the amplitude has a 1/z-falloff, as expected
from zbsc = zb−1/2c = z−1.
Now we construct the amplitude (5.34) using the all-line shift recursion relations. We present
the full details in order to illustrate the use of the 4-component massive spinor-helicity formalism.
The 2-3 pole recursion diagram has two contributions since we have to sum over the helicity of
the internal fermion line; taking all lines on the subamplitudes to be outgoing, we have
A−− 0 0e e¯ φ φ =
∑
±
A−∓ 0e e¯ φ(pˆ1, pˆ23, pˆ4)
1
P 223 +m
2
e
A±− 0e e¯ φ(−pˆ23, pˆ2, pˆ3) + (3↔ 4)
=
〈〈1 pˆ23〉〉[[(−pˆ23) 2〉〉+〈〈1 pˆ23]]〈〈(−pˆ23) 2〉〉
P 223 +m
2
e
+ (3↔ 4)
=
〈〈1 pˆ23〉〉[[• pˆ23 2〉〉−〈〈1 pˆ23]] 〈〈• pˆ23 2〉〉
P 223 +m
2
e
+ (3↔ 4)
=
〈〈1| /ˆp23 + ime|2〉〉
P 223 +m
2
e
+ (3↔ 4) .
(5.35)
In the second line we used that the angle brackets are unshifted, in the third line we used the rule
for crossing symmetry, and in the final step we applied the completeness relation (5.7). Now in
(5.35) the ‘hat’ on /ˆp23 can be removed since the shifted part gives terms proportional to
[
[X2〉〉,
which vanish because |q] = |X]. This reproduces the result (5.34). We would have arrived at the
result more directly by taking the internal states to be incoming fermions; however, we found the
manipulations above to be a useful illustration of the internal consistency of the formalism.
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5.7 Examples: Z-boson scattering
Now let us illustrate the all-line-shift constructibility for massive Z-boson scattering. In the
electro-weak model, there is a 3-vertex interaction between two Z-bosons and the Higgs h. There
is no 4-vertex with four Z-bosons, so for an amplitude with four external Z-bosons the Feynman
diagrams are all Higgs-boson-exchange diagrams.
3-point amplitudes:
The ZZh 3-vertex is (gmZ/cW ) η
µν , where g is the SU(2) coupling constant, mZ is the Z-boson
mass and cW is the cosine of the weak mixing angle. Dotting in the Z-polarizations (5.9) we find
A−+0ZZh =
gmZ
cW
〈〈•1q〉〉[[•2q]][
[1q]
]〈〈2q〉〉 , A 0 0 0ZZh = g2mZcW
(〈〈12〉〉[[12]]+m2Z 〈q|1|q]2+〈q|2|q]2〈q|1|q] 〈q|2|q]
)
, (5.36)
while A±±0ZZh = 0. We label the amplitude with q-helicity superscripts as in (5.29). We have used
identities such as
〈〈1q 〉〉• = 〈〈•1q〉〉 and 2p⊥ · q = −〈q|p|q] to simplify the results.
4-point amplitudes:
In the q-helicity basis, all amplitudes with
∑
h˜i 6= 0 vanish: A++++ZZZZ = A+++−ZZZZ = A+++ 0ZZZZ = ... = 0.
For the 4-point amplitude A−+−+ZZZZ a Feynman diagram calculation gives
A−+−+ZZZZ =
g2m2Z
c2W
(1− · 2+) (3− · 4+)
P 212 +m
2
h
+ (1↔ 3)
=
g2m2Z
c2W
〈〈•1q〉〉[[•2q]][
[1q]
]〈〈2q〉〉 × 1P 212 +m2h ×
〈〈•3q〉〉[[•4q]][
[3q]
]〈〈4q〉〉 + (1↔ 3), (5.37)
where the two contributions come from s- and u-channel Higgs-boson exchange. Under an all-line
shift with |X] = |q] this amplitude goes as 1/z since double-brackets of the form [[iq]] are invariant
under this shift. This matches the result (5.22) with n = 4, c = 2 (the product of couplings is
proportional to m2Z due to electro-weak symmetry breaking), and
∑
h˜i = 0. The good large-z
falloff means that the amplitude (5.37) can be constructed using the all-line recursion relations:
the recursion diagrams are simply A−+0ZZh × 1p2+m2h ×A
−+0
ZZh.
It is particularly instructive to study the scattering of four longitudinal Z bosons. In this case,
there are contributions to the Feynman diagram calculation from s-, t- and u-channel Higgs-boson
exchange:
A 0 0 0 0ZZZZ =
g2m2Z
c2W
(1;0 · 2;0) (3;0 · 4;0)
P 212 +m
2
h
+ (1↔ 3) + (1↔ 4)
=
g2
4m2Zc
2
W
(〈〈12〉〉[[12]]+m2Z 〈q|1|q]2 + 〈q|2|q]2〈q|1|q] 〈q|2|q]
)
× 1
P 212 +m
2
h
×
(〈〈34〉〉[[34]]+m2Z 〈q|3|q]2 + 〈q|4|q]2〈q|3|q] 〈q|4|q]
)
+ (1↔ 3) + (1↔ 4). (5.38)
Note that since
[
[ˆijˆ]
] ∼ z, each diagram in this amplitude goes as O(z) under an all-line shift. For
the sum of all terms, however, there is a cancellation of the leading order piece and the overall
scaling is actually O(1). To see this, first note that to leading order the propagator gives
Pˆ 212 +m
2
h ∼
〈〈1ˆ2ˆ〉〉[[1ˆ2ˆ]] ∼ z(d1 − d2)[X|/p2 /p1|X] . (5.39)
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Since the leading term in the numerator of (5.38) comes from
(〈〈1ˆ2ˆ〉〉[[1ˆ2ˆ]])2, it follows that
Aˆ 0 0 0 0ZZZZ = z
g2
4m2Zc
2
W
[
(d1 − d2)[X|/p2 /p1|X] + (1↔ 3) + (1↔ 4)
]
+O(z0) . (5.40)
Using momentum conservation
∑
i pi = 0 and the constraint (5.2) on the shift parameters di, it
is easy to see that the term in brackets in (5.40) vanishes. Therefore,
Aˆ 0 0 0 0ZZZZ ∼ z0 . (5.41)
This is the Goldstone boson equivalence theorem in action! According to our prescription (5.28),
all longitudinal vector bosons must be replaced by Goldstone bosons to determine the large-z
scaling. Then (5.22) predicts the large-z behavior of this amplitude correctly. Indeed, the large-z
limit is dominated by the diagram with a four-Goldstone contact interaction, which scales as O(1).
6 When are tree amplitudes on-shell constructible?
Why are some tree amplitudes constructible via on-shell recursion relations while others are not?
Here, we propose a simple physical interpretation of why the all-line shifts fail for certain classes
of amplitudes. We first describe some general ideas, and then apply them in the context of all-line
shifts.
6.1 General ideas
Consider a theory described by a local Lagrangian. An on-shell tree amplitude An with n external
states depends only on interaction vertices with m < n fields. However, if An can be computed by
on-shell recursion relations, then it has an expression in terms of lower-point on-shell amplitudes.
In particular, there is a way to determine An without explicit knowledge of any local n-point
contact-term interactions.
Yang-Mills theory, for example, has 3- and 4-point interaction vertices. The fact that there are
valid recursion relations (such as BCFW) for all Yang-Mills amplitudes with n > 3 external lines
means that all amplitudes are completely determined by the basic 3-point vertex. The irrelevance
of the 4-point vertex for the on-shell amplitudes is not surprising: it has to be included with the
3-point interaction only to make the off-shell Lagrangian gauge invariant.
Generalizing the Yang-Mills example, we say that an n-point interaction Y in the local La-
grangian is a dependent interaction, if Y is completely determined by lower-point interactions (for
example through gauge invariance or symmetries, such as supersymmetry). On the other hand,
we refer to Y as an independent interaction if the Lagrangian is gauge-invariant and respects
all imposed symmetries without the inclusion of Y . The basic idea is that dependent n-point
interactions should not be required as input for on-shell amplitudes, while the information from
independent n-point interactions must be supplied directly as it cannot be obtained recursively
from on-shell amplitudes with less than n external states.
Let us use scalar QED to illustrate this idea. The kinetic term |Dφ|2 gives rise to 3- and 4-point
interactions Aµ φ∂
µφ¯ and φ φ¯AµA
µ. The 4-point interaction is required by gauge invariance, so it
is dependent. Indeed the process 〈φ φ¯+−〉 can be calculated without the use of the 4-vertex, for
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example using BCFW recursion relations. How about the 4-scalar process 〈φ φ¯ φ φ¯〉? It has pole
term contributions from the 3-vertices Aµ φ∂
µφ¯, but if the theory has a 4-point contact interaction
λ|φ|4, then there is a priori no mechanism for the vertices of |Dφ|2 to determine λ. Thus λ|φ|4 is
an example of an independent interaction whose input is needed for 4-point amplitudes; but once
the 4-point amplitudes are supplied in addition to the 3-point amplitudes, then 5- and higher-point
amplitudes are calculable recursively, for example with all-line shift recursion relations.
We expect constructibility properties of amplitudes to improve when extra symmetries are
available. This is nicely illustrated in theories with supersymmetry. For example, the N = 4
SYM Lagrangian has a 4-scalar interaction of the form Y = φ12φ23φ34φ14. The color-ordered
tree amplitude with these four external scalars has no pole contributions and hence the only
contribution is from Y , 〈φ12φ23φ34φ14〉 = 1. This amplitude cannot be calculated by standard
BCFW recursion relations. However, Y is part of the unique N = 4 supersymmetric completion
of the basic Yang-Mills 3-vertex A2∂A, and hence Y is a dependent interaction once we impose
supersymmetry. We can only expect a recursive computation of the amplitude 〈φ12φ23φ34φ14〉
from a complex shift that respects supersymmetry. The super-BCFW shift of [9, 10] respects
‘super-momentum conservation’. The associated recursion relations allow one to compute any
tree amplitude of N = 4 SYM with n ≥ 4 external legs from the basic 3-point superamplitude,
which is fully determined by supersymmetry from the 3-vertex A2∂A.
To summarize: interactions Y that derive from lower-point interactions by gauge invariance
or symmetries should not be needed as separate input in recursion relations that respect these
symmetries. All on-shell recursion relations incorporate gauge invariance, so gauge-dependent
interactions are not expected to provide independent input. This means that we can focus on the
leading interaction of gauge-invariant operators, such as the 3-point interaction of trφF 2, while
the higher-point dependent interactions give constructible contributions. However, sometimes
there can be ambiguities in the non-linear gauge completion of an operator. We discuss examples
of this and the consequences for on-shell constructibility in the next section where we focus on
the all-line shift recursion relations.
6.2 Interpretation of all-line shift constructibility
For anti-holomorphic all-line shift, the condition for large-z falloff derived in section 2 is
Aˆn(z)→ 0 as z →∞ , when 4− n− c+
∑
i
hi < 0 . (6.1)
Here c is the (smallest) mass dimension of the product of couplings entering the calculation of
An, and
∑
i hi denotes the sum of helicities of the external states. The bound in (6.1) was
derived utilizing only dimensional analysis and little-group scaling, and therefore it applies very
generally. In particular, it must take all possible local gauge-invariant interactions of dimension
c into account, whether or not the particular theory we have in mind contains such interactions.
We will exploit the following: if an amplitude Aˆn vanishes as z → ∞, then the Lagrangian
cannot contain any independent n-point interactions that contribute to An. Conversely, if gauge-
invariance does not fix the n-point interactions completely, then we cannot expect the all-line shift
recursion relations to be valid. Therefore Aˆn cannot vanish as z → ∞. We now use examples to
illustrate this proposal for the interpretation of the bound in (6.1).
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Consider adding an operator λD2qFm to the pure Yang-Mills Lagrangian.22 The coupling λ
has mass dimension 4−2m−2q (see Table 1). We consider tree amplitudes 〈. . .〉D2qFm with a single
insertion of this operator; clearly, such amplitudes only exist for n ≥ m. Let us start with the
amplitudes 〈−− · · · −〉D2qFm where all n external states are negative helicity gluons.23 We cannot
expect amplitudes with m external legs to be on-shell constructible since the leading m-point
interaction of D2qFm contains independent information not available in pure Yang-Mills theory.
Should we then expect all-line shift recursion to work for any all-minus amplitude with n > m
external legs? First consider Fm, the case with no additional covariant derivatives (q = 0). Here
the answer is yes: the result (6.1) implies constructibility for n > m. Since the higher-point gluon
interactions in Fm are completely determined by gauge-invariance, the m-point input is sufficient
to compute all higher-point all-minus amplitudes recursively.
For D2Fm, however, validity of the all-line shift recursion relations (6.1) requires n > m+ 1,
so the (m+1)-point amplitudes 〈− − · · · −〉D2Fm are not all-line-shift constructible. Indeed, an
independent gauge-invariant operator λ′ Fm+1 can be added to the Lagrangian. It has the same
mass dimension as D2Fm and contributes a local term to the (m + 1)-point gluon amplitudes.
Due to the general nature of the argument that led to (6.1), the result has to allow for the possible
presence of Fm+1-interactions. In other words, the gauge-invariant non-linear completion of D2Fm
is ambiguous at the (m+1)-point level, and may contain an arbitrary linear combination of Fm+1
operators. This is why the all-minus n-point amplitudes with one insertion of D2Fm are only
constructible for n > m+ 1; both the m and (m+ 1)-point amplitudes need to be supplied as an
input for the recursion relation to resolve the ambiguity.
For D2qFm, the result (6.1) with c = 4− 2m− 2q and ∑i hi = −n shows that
〈− − · · · − −〉D2qFm is constructible for n > m+ q . (6.2)
Again, we can understand this bound by exploring the possibilities for single insertions of inde-
pendent gauge-invariant operators that can contribute to the amplitudes with n = m + 1,m +
2, . . . ,m+ q external legs. Any gauge invariant operator that affects 〈−− · · · −−〉D2qFm must be
composed of field strengths F and covariant derivatives D. The ambiguity in the gauge-invariant
interactions thus includes the set of operators D2q−2Fm+1, . . ., Fm+q , which all have the same
mass dimension as D2qFm. Therefore, one cannot expect all-line shift recursion relations to be
valid for n-point all-minus amplitudes until n > m+ q, exactly as (6.1) states.
Next, let us see what happens when we consider amplitudes with both positive- and negative-
helicity gluons. This change leads to a qualitatively different interpretation of the bound on the
validity of the all-line shift recursion relation. Let us start with 〈− − · · · − −+〉Fm , again with
just a single insertion of the operator λFm. For this class of amplitudes
∑
i hi = 2 − n, so (6.1)
shows that
〈− − · · · −+〉Fm is constructible for n > m+ 1 . (6.3)
Thus to ensure all-line constructibility for 〈−− · · ·−−+〉Fm , we need one more external line than
for the all-minus amplitudes (6.2). The reason is the following. The derivation of the condition
(6.3) relies only on the sum of all helicities. For the all-minus amplitudes, the sum was
∑
i hi = −n
and this uniquely identified the external states as negative helicity gluons. The sum
∑
i hi = 2−n
of 〈−− · · · −+〉Fm , however, can be obtained by several different combinations of external states,
for example 〈− − · · · − φφ〉 with some scalar field φ. The bound (6.1) must also be valid for
22Henceforth we suppress the trace structure as it does not play a role for our arguments.
23Such amplitudes can be non-vanishing only when the operator is not supersymmetric.
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this amplitude — this condition gives an upper bound on the worst-behaved amplitude in the
entire class of amplitudes with
∑
i hi = 2 − n. Thus we also need to consider operators that
have the same coupling dimension as Fm and contain 2 scalars φ in additions to vector fields. A
scalar has mass dimension 1, so a candidate independent operator is the (m+1)-field operator
λ′ φ2Fm−1. It contributes to the (m+1)-point amplitudes with
∑
i hi = 2 − n, and λ′ has the
same mass dimension as λ, so c = 4− 2m. Hence, we only expect recursion relations to be valid
for n > m+ 1, and this is in exact agreement with the bound (6.3).
We could continue by studying general NkMHV amplitudes or multiple insertions of the oper-
ators D2qFm, but let us instead move on to another example from section 4. In gluon-Higgs fusion
(section 4.3), we considered the operator Z = Re(φ)F 2 + Im(φ)FF˜ . We found that NkMHV
amplitudes with a single insertion of Z have large-z falloff z−k under the all-line shift, so the
all-line shift recursion relations (which in this case imply an MHV vertex expansion) are valid
for any k > 0 amplitude. Now consider multiple insertions of the operator Z, for example for
the amplitude 〈− − φn−2〉 with (n − 2) insertions of Z. Then c = 2 − n and ∑i hi = −2, so
(6.1) shows that the all-line shift deformed amplitude 〈− − φn−2〉 behaves as z0 for large z. The
ambiguity responsible for the failure of the all-line shift recursion relations for 〈−−φn−2〉 is clear:
the amplitude can be affected by the independent operator φn−2F 2.
In our interpretation of the bound (6.1), operators that can be removed by a field redefinition
should not be considered as independent interactions. Consider for example
√−g φmR, where R is
the Ricci scalar. A Weyl transformation reduces this operator to R without affecting the graviton
amplitudes. The leading (m+1)-interaction involves two powers of the graviton momentum which
in the (m+1)-point on-shell matrix element can only contract with each other or with the graviton
polarization; the contribution vanishes in either case, so 〈φm±〉φmR = 0.
As our last example, let us explain the behavior of the all-line shift for graviton amplitudes
in pure Einstein gravity. We showed in section 4.1 that large-z falloff requires n − 3 − 2k < 0
for n-point NkMHV amplitudes. For simplicity, let us consider only the anti-MHV amplitudes
〈− · · · − − − ++〉. They have k = n − 4, and are therefore constructible for n > 5. To interpret
this bound, we want to identify an independent 2-derivative operator24 whose leading 5-point
interaction can contribute to the class of amplitudes with
∑
i hi = −2(n − 4). This helicity sum
can be obtained from several combinations of external states. One option is four scalars and
n − 4 negative helicity gravitons, 〈− · · · − φ4〉. As discussed above, the operator √−g φ4R is
not relevant since it can be removed by a field redefinition. Next consider a sigma-model term√−g gµνφaφb ∂µφc∂νφd. It can contribute, but only its 4-point interaction provides independent
information. We have to consider a different set of external states to understand the bound
n > 5 from (2.11). Take two negative helicity gluons, three scalars and (n−5) negative helicity
gravitons: the sum of their helicities is −2(n−4). The 2-derivative operator √−g φ3F 2 contributes
an independent 5-point interaction to this class of amplitudes. This is the reason why all-line shift
constructibility cannot start until 6-points for this class of amplitudes.
Supersymmetry did not feature in our above discussion of all-line shift constructibility. In
fact, the all-line shift does not preserve supersymmetry because it only leaves half of the super-
charges invariant. Therefore we cannot expect it to produce a falloff for amplitudes that are
completely determined from the non-linear supersymmetric completion of lower-point interactions.
The supersymmetry-preserving all-line supershift introduced in [11] is a natural candidate for this
24In (super)gravity, we normalize all fields by the gravitational coupling κ, so all 2-derivative interactions have
the same coupling dimension as the interactions of the Einstein-Hilbert action.
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extension, and it would be interesting to generalize our analysis here to super-all-line shift recursion
relations.
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A Review: Deriving the MHV vertex expansion in N =4 SYM
We review here the steps needed to derived the MHV vertex expansion from the all-line shift
recursion relations in N = 4 SYM theory [5].
Step 1: The all-line shift recursion relation expresses an NkMHV amplitude in terms of dia-
grams with two on-shell NkiMHV subamplitudes which have k1 + k2 = k − 1. The kinematics
of the anti-holomorphic shift ensures that diagrams with a ki = −1 vertex (3-point anti-MHV)
vanish, and hence the subamplitudes have ki < k. Thus, if the relations are applied iteratively k
times, the amplitude will be expressed in terms of diagrams with MHV vertices only. This is not
yet the MHV vertex expansion, but (as we will show in step 3) the diagrams can be resummed
into MHV vertex diagrams.
Step 2: The k+ 1 holomorphic MHV vertices of each all-line shift diagram depend on the shifted
internal momenta PˆIi = |PˆIi〉[PˆIi | only through the angle brackets, |PˆIi〉 = PIi |X]/[PˆIiX]. Here
|X] is the reference spinor of the shift (2.10). The product of MHV vertices in the diagram
is invariant under little-group scalings of the internal PˆIi spinors, so all factors [PˆIiX] cancel.
Therefore all |PˆIi〉 can be replaced by PIi |X]. This eliminates the details of the shift, and is
exactly the CSW prescription (3.2).
Step 3: Each all-line shift diagram has one unshifted propagator 1/P 2Ii , and the k− 1 other
propagators are evaluated at the particular value zi that takes PˆIi on-shell. For a given set of k
propagators, there are k such diagrams, namely one for each choice of unshifted propagator 1/P 2Ii .
The product of k+1 MHV subamplitudes is the same in these k diagrams, since the vertices do not
depend on zi, as shown in step 2. This allows us to factor out the overall MHV vertex dependence
and sum the propagator factors. The result simplifies due to a contour integral identity [16, 5],
and we find (
AMHV(1) · · ·AMHV(k+1)
)
×
k∑
i=1
1
Pˆ 2I1(zi) · · ·P 2Ii · · · Pˆ 2Ik(zi)
=
AMHV(1) · · ·AMHV(k+1)
P 2I1P
2
I2
· · ·P 2Ik
. (A.1)
This is precisely the value of the MHV vertex diagram. The all-line shift recursion relations show
that the amplitude is the sum of all such diagrams. This completes the derivation of the MHV
vertex expansion from the all-line shift.
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B Spinor helicity formalism
We present here a self-contained outline of the spinor-helicity formalism used in this paper. In
the main text we use a q-helicity basis defined in terms of an arbitrary null vector q. This differs
from the more conventional helicity basis. We present the details of both bases and outline how
to map between them.
We use a “mostly-plus” metric ηµν = diag(−1,+1,+1,+1), and our Clifford algebra is {γµ, γν} =
2ηµν with
γµ =
(
0 σµ
σ¯µ 0
)
, σµ = (1, σi) , σ¯µ = (−1, σi) , γ5 ≡ iγ0γ1γ2γ3 . (B.1)
Note that (σµ)αβ˙(σ¯µ)
γ˙δ = 2 δ δα δ
γ˙
β˙
and (σ¯µ)α˙β = −βγα˙δ˙(σµ)γδ˙ with 12 = 12 = 1.
For null momenta pi, the angle and square spinors |i〉 and |i] are defined as in [19], and we
follow the conventions of [19] for all two-component spinor brackets and their identities.
B.1 q-helicity basis
The massive Dirac equation is written
(/p− im) v±(p) = 0 , (/p+ im)u±(p) = 0 , (B.2)
and using ψ¯ ≡ −iψ†γ0 for the Dirac adjoint we have
v±(p) (/p− im) = 0 , u±(p) (/p+ im) = 0 . (B.3)
We use the formalism of section 5.2 to solve the Dirac equation. The solutions are expressed in
terms of 4-component spinor bra’s and ket’s:
Outgoing anti-fermions:
|p〉〉 ≡ v−(p) = ( imαp |q]α|p⊥〉β˙
)
, |p]] ≡ v+(p) =
 |p⊥]α
im
αp
|q〉β˙
 . (B.4)
Outgoing fermions:[
[p| ≡ − i u+ =
(
[p⊥|α , − imαp 〈q|β˙
)
,
〈〈p| ≡ i u− = (− imαp [q|α , 〈p⊥|β˙ ) . (B.5)
Incoming fermions:
|p〉〉• ≡ u+(p) = ( − imαp |q]α|p⊥〉β˙
)
, |p ]]• ≡ u−(p) =
 |p⊥]α
− imαp |q〉β˙
 . (B.6)
Incoming anti-fermions:[
[•p| ≡ − i v− =
(
[p⊥|α , imαp 〈q|β˙
)
,
〈〈•p| ≡ i v+ = ( imαp [q|α , 〈p⊥|β˙ ) . (B.7)
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In these expressions, we have introduced αp ≡
√〈q|p|q], which satisfies the following relations
〈q p⊥〉 = 〈q|p|q]
αp
= αp = [p
⊥ q] . (B.8)
To recover the familiar massless spinor-helicity formalism, simply set m = 0 and replace p⊥
with the null momentum p.
It is easy to verify the orthogonality and normalization properties of the massive solutions
directly: us(p)us′(p) = 2mδss′ , vs(p)vs′(p) = −2mδss′ , and us(p)vs′(p) = 0 = vs(p)us′(p).
One needs 〈q p⊥〉 = 〈q|p|q]/αp = αp = [p⊥ q]. These rules can be summarized in the bra-ket
notation:
0 =
[
[p|p]] = 〈〈p|p〉〉 = 〈〈p|p]] = [[p|p〉〉 = [[•p|p ]]• = 〈〈•p|p〉〉• = 〈〈•p|p ]]• = [[•p|p〉〉• ,
0 =
〈〈•p|p〉〉 = 〈〈p|p〉〉• = [[•p|p]] = [[p|p ]]• ,
2im =
〈〈p|p ]]• = [[•p|p〉〉 = −〈〈•p|p]] = −[[p|p〉〉• . (B.9)
The spinor completeness relations are given in the main text, see (5.7).
q-helicity: We can label the solutions of the massive Dirac equation by q-helicity h˜ = ±12 . These
states are eigenstates of the “q-helicity” operator
Σ˜±p;q ≡
1
2
(1± iγ5/`) , ` = 1
m
(
p⊥ − m
2
α2p
q
)
, (B.10)
where ` is a unit vector orthogonal to p: p · ` = 0 and `2 = 1. It is easy to see that
Σ˜−p;q|p〉
〉
= |p〉〉 , Σ˜−p;q|p]] = 0 , Σ˜−p;q|p〉〉• = 0 , Σ˜−p;q|p ]]• = |p ]]• , (B.11)
Σ˜+p;q|p〉
〉
= 0 , Σ˜+p;q|p]
]
= |p]] , Σ˜+p;q|p〉〉• = |p〉〉• , Σ˜+p;q|p ]]• = 0 . (B.12)
Thus |p〉〉 has q-helicity h˜ = −1/2 while |p]] has h˜ = +1/2. Similarly, |p〉〉• has q-helicity h˜ = 1/2
while |p ]]• has h˜ = −1/2. In the massless limit, q-helicity reduces to the usual helicity label of
massless states.
Polarizations of massive vector bosons: It is easy to verify that the polarization vectors
defined in (5.9) satisfy the orthonormality and completeness conditions
p · λ = 0 , λ · ∗λ′ = δλλ′ ,
∑
λ=+,0,−
µλ
∗
νλ = η
µν +
pµpν
m2
. (B.13)
Furthermore, since ` in the q-helicity operator (B.10) equals 0, the polarization 0 will be a
longitudinal polarization with respect to the same spacelike direction ` as we use to label the
Dirac spinor states.
Polarizations of massless vector bosons: Setting m = 0 and replacing p⊥ → p, we recover
the well-known expressions
/− =
√
2
[p q]
(
|p〉[q| − |q]〈p|
)
, /+ =
√
2
〈p q〉
(
|q〉[p| − |p]〈q|
)
(B.14)
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for the polarizations of massless gauge bosons.
Crossing symmetry: Crossing symmetry takes pi → −pi and we also take qi → −qi. The result
is the crossing rules |p〉〉• → | − p〉〉 and |p ]]• → | − p]] which are incorporated in the Feynman rules
(5.6).
B.2 Helicity basis
Above we have expressed the solutions to the Dirac equation in terms of the formalism used in
section 5.2. For convenience, we record here the solutions in the more familiar helicity basis. We
start by writing
pµ = (p0, |~p|~e) with ~e = (cosφ sin θ, sinφ sin θ, cos θ) . (B.15)
Then
pα˙β =
(
p0 + |~p| (c2 − s2) |~p| e−iφ 2cs
|~p| eiφ 2cs p0 − |~p| (c2 − s2)
)
, s ≡ sin θ
2
, c ≡ cos θ
2
. (B.16)
Define spinors κ as solutions to the massive coupled Weyl equations
pα˙β |κ1]β = −m |κ2〉α˙ , pα˙β |κ2]β = +m |κ1〉α˙ , (B.17)
pαβ˙ |κ1〉β˙ = −m |κ2]α , pαβ˙ |κ2〉β˙ = +m |κ1]α . (B.18)
For example |κ1]α =
√
p0 − |~p|
(
c e−iφ
s
)
and |κ2]α =
√
p0 + |~p|
(
s
−c eiφ
)
. The solutions to the
massive Dirac equation (B.2) can then be written in terms of κi as follows.
Outgoing:
|H−〉〉 ≡ v− = ( |κ1]α
i |κ2〉α˙
)
, |H+]] ≡ v+ = ( |κ2]α−i |κ1〉α˙
)
, (B.19)
[
[H+| ≡ −i u+ =
(
i [κ2|α ,−〈κ1|α˙
)
,
〈〈H−| ≡ i u− = (i [κ1|α , 〈κ2|α˙) . (B.20)
Incoming:
|H+ 〉〉• ≡ u+ = ( |κ1]α−i |κ2〉α˙
)
, |H− ]]• ≡ u− = ( |κ2]α
i |κ1〉α˙
)
, (B.21)
[
[•H−| ≡ −i v− =
(−i [κ2|α ,−〈κ1|α˙) , 〈〈•H+| ≡ i v+ = (−i [κ1|α , 〈κ2|α˙) . (B.22)
The helicity projection operator is
Σ±p =
1
2
(1± i γ5 /z) . (B.23)
In the rest frame pµ = (m, 0, 0, 0) and Σ±p projects along the z-axis, zµ = (0, 0, 0, 1). Boosting to
a general frame, z has to satisfy zµzµ = 1 and z · p = 0. If pµ = (p0, |~p|~e) as above, then it is easy
to see that zµ = 1m(|~p|, p0 ~e) solves these conditions. One then finds
Σ−p;q|H−p 〉
〉
= |H−p 〉
〉
, Σ−p;q|H+p ]
]
= 0 , Σ−p;q|H+p 〉
〉• = 0 , Σ−p;q|H−p ]]• = |H−p ]]• , (B.24)
Σ+p;q|H−p 〉
〉
= 0 , Σ+p;q|H+p ]
]
= |H+p ]
]
, Σ+p;q|H+p 〉
〉• = |H+p 〉〉• , Σ+p;q|H−p ]]• = 0 . (B.25)
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which justifies the (half-integer) helicity assignments s = ± on Hsp .
Polarization for spin-1 particles can be expressed in this formalism as
α˙β− =
√
2|κ2〉α˙[κ1|β
[κ1κ2]
, α˙β+ =
√
2|κ1〉α˙[κ2|β
〈κ1κ2〉 , (B.26)
α˙βL = −
1
m
(|κ1〉α˙[κ1|β − |κ2〉α˙[κ2|β) . (B.27)
Plugging in the explicit solutions for κ1,2 we find
µ±(p) = ∓
e±i φ√
2
(
0, cos θ cosφ± i sinφ, cos θ sinφ∓ i cosφ, − sin θ
)
, (B.28)
µ0 (p) =
p0
m
( |~p|
p0
, cosφ sin θ , sinφ sin θ , cos θ
)
. (B.29)
This reduces to the familiar result in the restframe.
B.3 Changing basis
It is easy to switch from one basis to the other. For example, suppose we want to express the
q-helicity state |p〉〉 in the helicity basis. We just write
|p〉〉 = a |H−p 〉〉+ b |H+p ]] . (B.30)
Then use identities such as
〈〈•H−p H−p 〉〉 = 0 and 〈〈•H+p H+p ]] = −2im to conclude that
|p〉〉 = 1
2im
([
[•H−p p〉
〉 |H−p 〉〉− 〈〈•H+p p〉〉 |H+p ]]) . (B.31)
Likewise polarizations in one basis can be obtained as a linearly combination of those in the other
basis.
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